INTEGRAL POINTS ON SYMMETRIC VARIETIES AND SATAKE 

COMPATIFICATIONS 

ALEXANDER GORODNIK, HEE OH AND NIMISH SHAH 

Abstract. Let V be an affine symmetric variety defined over Q. We compute the 
asymptotic distribution of the angular components of the integral points in V. This 
distribution is described by a family of invariant measures concentrated on the Satake 
boundary of V. In the course of the proof, we describe the structure of the Satake 
compactifications for general affine symmetric varieties and compute the asymptotic 
of the volumes of norm balls. 
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1. Introduction 

Let V = {x G M n : fi(x) = • • • = f s (x) = 0} with fa £ Z[x±, . . . ,x n ] be an affine 
variety. It is a fundamental problem of Diophantine geometry to understand the set of 
integral points V(Z) in V. In particular, when the number of integral points is infinite, 
one may ask 

Question 1.1. Given a norm \\-\\ on M n , determine the asymptotic of 

N T (V) := #{x G V(Z) : \\x\\ < T} 

as T — > oo. 

We are interested in a more refined question: 
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Question 1.2. For a radial cone C in W 1 centered at the origin, determine the asymp- 
totic of 

N T (V, C) := #{x € V(Z) n C : \\x\\ < T} 

as T — ► oo. 

One can also state an analogous question in terms of convergence of measures. We 
define a probability measure fix on the unit sphere S n_1 in IR n : 

V ' x£V(Z):0<\\x\\<T 

where 7r : W 1 \ {0} — > S" 1-1 denotes the radial projection, and <5 Z denotes the Dirac 
measure at z. As T — ► oo, these measures characterize the asymptotic distribution of 
the angular components of points of V(Z). 

Question 1.3. Determine the weak* limits of the measures as T ^ oo. 

Recall that a sequence of measures {/^} on S" 1-1 converges to // in weak* topology 
if J 5n _i </>(i/ii -> J 5n _j for every G (^(S""- -1 ). 

In this paper we give a complete solution to Questions 11.21 and 11.31 when V is an 
affine symmetric variety. In this case, Question 11.11 was answered by Duke, Rudnick, 
Sarnak [DRS] and Eskin, McMullen [EM], though explicit asymptotics in terms of T 
were not computed in general. Later Eskin, Mozes and Shah developed an approach 
using the ergodic theory on homogeneous spaces, based on the work of Dani, Margulis 
( |DM1] . [DM2] ) and Ratner [Ra] on unipotent flows. 

We note that the method of [EM| shows that Nt(V,C) is asymptotic to the volume 
of the set Ct ■= {x £ VnC : \\x\\ < T}, provided the family {Ct} satisfies the so-called 
well roundedness property. However it is a highly nontrivial task to check whether the 
sets Ct are well rounded, and this is precisely where the main technical difficulties of 
this paper lies (see section [L2l for more discussion on this point). 

The above questions 11.21 and 11.31 are motivated by the conjectures of Manin [BM, 
FMTJ, Peyre [P], and Batyrev, Tschinkel [BT], which describe the distribution of 
rational points on projective Fano varieties (see Remark 11.131 and [Ts]). Recently, 
Chambert-Loir and Tschinkel proposed an analogous conjecture for integral points. 
We expect that our results will support this conjecture (see Section [8]). 

We illustrate our main results by the following example of a quadratic surface. We 
refer to Section [2] for further examples. 

Example 1.4. Fix n > 4 and k £ Z \ {0}. Let Q be an integral non-degenerate 
indefinite quadratic form in n variables such that Q(x) = k has at least one integral 
solution. Let Q be a Borel subset of 5 n ~ 1 such that the interior of Q intersects {Q = 
0}, and the boundary of Q has measure zero with respect to a smooth measure on 
{Q = 0} n S"^ 1 . Then setting C = R + • O, we have 

N T ({Q = k},C) -t^oo Vol({x e C : Q(x) = k, \\x\\ < T}) d c ■ T n ~ 2 , 

where the volume is computed with respect to a suitably normalized SO(<5)-invariant 
measure on {Q = k] and dc > is a computable constant. 
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Q(x)=k 



We denote by v the unique SO(Q)-invariant measure on {x G W 1 \ {0} : Q(x) = 0} 
normalized so that 

v{{x G M n \ {0} : Q{x) = 0, \\x\\ < 1}) = 1. 
Define the measure fj, on S™ -1 by 

fj, := tt*(is\ Bi ) 

where B\ = {x G W 1 : ||x|| < 1}. Then fj,x — * ^ as T —* oo. 

1.1. Main results. Let G be a connected Q-simple algebraic Q-group isotropic over 
R with a given M- irreducible Q-rational representation t : G — > GL(W). Suppose that 
there exists t>o G W(Q) such that Gt>o is Zariski closed and that V := G(M)°«o is an 
affine symmetric (real) variety, that is, the stabilizer H of vq in G is the set of fixed 
point of an involution a of G. Examples of affine symmetric varieties are provided by 
Proposition 13.161 

Notation. G = G(M)°, W = W(M), and H = H(R) n G. Then V = G/iT. VFe assume 
that V(Z) ^ and f/iaf H /ios no nontrivial Q- characters. 
We fix a basis, say £>, of W, and define 



Let 7r : W \ {0} — > S'(W) denote the radial projection. 
We define the Satake boundary V°° of V: 

T/ 00 := {lim7r(u) : u G V, v -> oo} = tt^O - ?r(V). 

For example, when V = {x £ W 1 : Q{x) = k} is a quadratic surface, 

= {x G 5"" 1 : Q{x) = 0}. 

The map tt embeds V homeomorphically into tt(V) as an open dense subset (see Propo- 
sition SH]), an d we call 7r(V) the Satake compactification of V. For a Riemannian sym- 
metric space, this compactification was introduced by Satake in [Sa]. We note that 



(1.5) 
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Satake [Saj considered only the special case when l is a representation on the space of 
bi-linear forms. 

The action of G on W induces, via ir, a G-action on S(W). In Section [4] we will 
prove that V°° is a union of finitely many G-orbits, which are locally closed. 

Given a measure /i on V°° which is a linear combination of smooth positive measures 
on some G-orbits, we say that is concentrated on the union of these G-orbits. 

Let C be a Borel cone in W centered at the origin. In order to have meaningful 
results about the sets V(7j) n C, it is necessary to assume that the intersection V Pi C 
is large in a suitable sense. As we will see below, the "size" of V(Z) RC depends quite 
sensitively on the set of G-orbits in V°° that C intersects. 

A Borel cone C C W centered at is called admissible if the closure of C has 
nonempty intersection with V°° , and the boundary of C is of zero measure with respect 
to the smooth measure class on each of the finitely many G-orbits on V°°. A Borel 
cone C C W centered at is called generic if the closure of C and the interior of C 
intersect the same collection of G-orbits in V°°. 

The following theorem gives a natural generalization of Example 11.41 We fix any 
norm ||-|| on W and set 

B T = {v G W : \\v\\ < T}. 
Theorem 1.6. For every admissible generic cone C C W, 

#(F(Z) n5 T nC) ~ T ^oo Vol(v nB T nC) -t-oo <k ■ T a ^{\ogT) b ^\ 

where the volume is computed with respect to a suitably normalized G-invariant measure 
on V , and dc > 0, ac € Q + , be 6 N are computable constants. 

Given a Euclidean norm ||-|| on W and vq £ V°°, the cone C = {v : \\tt(v) — vq\\ < e} 
is admissible and generic for all sufficiently small e > (see subsection 17. ip . Hence, we 
get the following application of Theorem 11.61 to Diophantine approximation. 

Corollary 1.7. Let \\-\\ be a Euclidean norm on W and vq G V°° . Then for any 
sufficiently small e > 0, there exist c = c(t>o,e) > 0, a = a(vo) G Q + ; b = 6(i?o) G N 
such that 

#{v G V(Z) n B T : \\tt(v) - v q \\ < e} ~ T -»oo Vol({w £ V D B T : \\tt(v) - v \\ < e}) 

-T^ooC-T^logT) 6 - 1 . 

Now we describe the structure of the Satake boundary V°° of V. Let K be a maximal 
compact subgroup of G compatible with H and o a Cartan subalgebra corresponding 
to the pair K and H, so that the Cartan decomposition G = Kexp(a)H holds ( [Set 
Ch. 7]). We fix a system of simple roots A a of o and denote by a + C o the closed 
positive Weyl chamber. One can choose a subset W of the normalizer of a in K such 
that we have a decomposition 

G = Kexp(a + )WH 

where the o + -component and the W-component of each element of G are uniquely 
defined (see Section [3]). 
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For any subset J C A CT , we set 

k G K, a £ a + , w £ W, 
lim7r(/c exp(a)un>o) : a(a) — > oo for a £ A CT \ J, 
a(a) is bounded for a £ J. 

Note that = n(V) and 

(1.8) y°°= J KT- 

JCA CT 

Every set Vj° is a union of finitely many G-orbits (see Theorem II .22|) . 

Denoting by 2p the sum (with multiplicities) of all positive roots of a and by A t the 
highest weight of the representation t with respect to o + (see Section [372]) . we have 
decompositions 

(1.9) 2p := u aOL and X L := m a a. 
Note that u a > 0, m a > 0, and u a ,m a £ Q ( |OVl p. 85]). Define 



in,, 

Ua 

6 t = #(A CT \I t ) >1. 



a t = max < : a £ A a 

(1.10) / t = {aGA ff :^<a t }, 



Theorem 1.11. For an admissible cone C C W , the limits 

#(y(z)nfi T nC) , ,. Voifv n5 T nC) 

l lm 77, — 7 777J. 1 an « hm — — — — r — 

T-+OC ^'(logT) 6 '- 1 T^oo ^'(logT) 6 '- 1 

exist and are equal, where the volume is computed with respect to a suitably normalized 
G-invariant measure on V . Moreover, if C° n Vj° ^ 0, then the limits are strictly 
positive. 

We also extend the result about convergence of measures in Example 11.41 to general 
affine symmetric spaces. There is an explicitly given G-invariant measure v L on M + -V^°°, 
normalized such that v L {B\) = 1. The measure u t is homogeneous of degree a L , and we 
have a decomposition 

dv L {t-e) = t a ^ 1 dtde, t £ r + , o £ v™, 

where dt is a Lebesgue measure on M + and d6 is a smooth measure on V£°. We define 
the probability measure \i L on Vf° by [i L = 'k*{v l \b 1 ) or equivalently, 

dfi t (0) = \\6\\~ a 'd9, 0eV£°. 

Note that the norm ||-|| need not be constant on S(W) for our fixed choice of the sphere 
S(W). Later on, we give an explicit formula for fi b (see (I7.17P ). 

Theorem 1.12. As T — > oo, we have 

UT Mi- 
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Theorem 11.121 also holds for representations i which are not irreducible (see Re- 
mark I6.11j) . 

In the case of the group variety (i.e., when G = L x L and H = {(1,1) ■ I £ L}), 
these equidistribution results (Theorem 11.111 and Theorem II . 1 2|) were first proved by 
Maucourant [M], although not in terms of the Satake boundary. 

Remark 1.13. It is interesting to compare Theorem 11.121 with a result in |GMO| (see 
also |STT| ). which describes distribution of rational points of bounded height. Let 
G be a connected adjoint absolutely simple algebraic Q-group and i : G — > GLjy an 
absolutely irreducible representation defined over Q. We denote by 1 the corresponding 
map from G to the projective space F N _1 and by H = Hqc-]^ rime H p a height function 

on P^-^Q) where Hoo is a norm on R N * . Let G = G(K)°, G(Q) = G n G(Q) and 
G(Z) = GnG(Z). As explained in Section \2. 41 V = t(G) is an affine symmetric variety, 
and we have a decomposition 

W)= u vr. 

i~cA CT 



It follows from [GMOJ that for every G C(l(G)), 



1 ,, , f i \ duj 



T i#{ 7 eGi:H(i( 7 ))<T} E /,-.. v ' l ""ll x UT ; 



where is a G-invariant measure on = i(G) and a[ > a L . On the other hand, it 
follows from Theorem 1 1 . 1 2 1 that for every (ft £ C(l(G)), 



t^o #{ 7 G G(Z) : H oo( .( 7) ) < T} ^ 'HooW* " 



Note that for affine symmetric varieties of higher rank, /i t = lim^^oo /xy is concen- 
trated on Vf° , which might have empty interior in V°° (see Section [2] for examples) . 
In particular, Theorem 11.121 does not imply Theorem 11.61 To prove Theorem we 
need to investigate the accumulation of integral points on all components of V°°. 

Definition 1.14. A subset I C A a is called X L -connected if the Dynkin diagram of 
{A t } U I is connected. In other words, if I U {X L } = Si U 52, S{ ^ 0, then Si JL S2 with 
respect to the identification of a* with a via the Killing form. 

We show (see Theorem II .22[) that 

V°° = \J Vf°, 

Ai-connected I C A CT 

and for A t -connected I, J C A CT , 

(1.15) icj^yfc d(Vj°). 
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For A t -connected I C A CT , we set 

aJI) := max \ — : a G A CT \ 7 I > 0, 
[tn„ J 

(1.16) :=/u{«eA f \J: -2L < a ,(I)} C A CT , 

6 t (/):=#(A (T \ /,(/)) >1. ' 

Note that I t (0) = I L . We will show in Proposition 15.121 that I t (J) is A t -connected. 
We consider the lexicographical order on the set of pairs (a, b) G R x R. Note that for 
A t -connected subsets I and J of A CT , 

IcJ^ /,(/) c h{J) (a t (I),6 t 0O) > (o t (J),6 t (J)). 



For ft C TV with vr(ft \ {0}) n y°° / 0, we define 



(1.17) {a L {ti)MV)) 

e t (n) 



{/ C A a : / is A t -connected and vr(^ \ {0}) n V/° / 0}, 
max{(o t (7),6 t (/)) : I G 9^}, 

{/,(/) : I G 6n, {a L (I)Ml)) = (o t (fi), 6 t (n))} C n . 



Roughly speaking, we show that the asymptotic number of points in V(Z), with norm 
less than T, whose images under 7r accumulate on f2, is of the order ^'^(logT) 6 '^' 1 . 

It might happen that in Theorem II. 11^ both of the limits are zero. This simply 
means that the normalization term r at (logT) b ' _1 is not suitable. We prove a refined 
version of Theorem 11.111 

Theorem 1.18. For every admissible cone C C W , the limits 

#(Wz)nB r nC) , , Voifv n BtCiC) 

hm --— —t^ ; and hm 



t^oo T< c )(logT)MC)-l t^oo T a ^ c ) (log T)MC)-i 

exist and are equal, where the volume is computed with respect to a suitably normalized 
G -invariant measure on V. Moreover, if C° n Vf° ^ for some I G Q^C), then the 
limits are strictly positive. 

Moreover if C is generic, then for any I G 0e, C° H Vf^ ^ 0; and by (|1.15p . we get 
C° H VwU 7^ 0- Therefore Theorem 11.181 implies Theorem 11.61 

Let V b = : A t -connected I C A CT }. To state the next result, we will introduce 

a family of smooth measures /i/ on Vf° for / G T> L . For each I G T> L , here is an explicitly 
given G-invariant measure vj on M + • Vf°, which is a finite union of G-orbits. Note 
that aj = — is constant for a G A a \ I, and the measure i>i is homogeneous of degree 
aj. We have a decomposition 

du^t ■ 6) = t ai ~ l dtdO, t G M + , 9 G V} 00 , 

where eft is a Lebesgue measure on M and <i# is a smooth measure on V^ 00 . We define 
Hi = vt*(^/| j b 1 ) or equivalently, 

dm(0) = \\9\\~ ai do, e g vf . 
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An explicit formula for fij is given in (|7.18j) . For X C T> b , we define 



fJLx = y^fJ,i and v x = ^ vi- 
lei lei 



Theorem 1.19. For every (j) £ C(S(W)) with supp^H V 00 7^ 0, we have 



T^oo T a <W(logT) fe <W>)-i 

V 6 ' x6V(Z):0<||x||<T 



S(W) 



where c > depends only on V(Z), anda L ((p) = a t (supp^), 6 t (</>) = 6 t (supp^>), @ L {4>) = 
t (supp0). 

Note that if supp^ Pi V°° 7^ 0, then 4>(ir(x)) = for all but finitely many x G V(Z). 

The measures //j are analogues of the Patterson-Sullivan measures, which are con- 
centrated on the visual boundary of a Riemannian symmetric space. 

In order to prove Theorems 11.181 and 11.191 we compare the asymptotic distribution 
of integral points to the corresponding continuous asymptotic distribution, which is 
given in the following theorem. 

Theorem 1.20. For every f € C C {W \ {0}) with vr(supp/) n V°° / 0, 

T lim oo T^(/)(logT)M/)-i l G/H f(9Vo/T)dK9)=J w fdu e ^, 
where a L (f) = a t (7r(supp /)), h L (f) = 6 t (7r(supp /)), and Q L (f) = t (7r(supp/)). 

Note that the limit measure ^e t (/) i s homogeneous of degree a t (/). 
Also note that if / E C C (W \ {0}) and vr(supp/) n V°° = 0, then for all large T, 
f(gv /T) = for all g G G. 

Remark 1.21. The condition that the group G is Q-simple can be relaxed. In fact, it 
suffices to assume that every Q-simple factor Go of G is isotropic over E and G = GoH. 
A small modification in the proof is required only in Section [7] (see Remark I7.2|) . 

1.2. Ingredients of the proof. A common strategy for estimating the number of 
integral points in various domains involves two steps: 

(1) establishing suitable regularity of domains and their volumes; 

(2) comparing the number of integral points with the volumes of the domains. 
The second step, discussed in Section [71 is essentially done using standard techniques 

developed in [DRS, EM] in view of the equidistribution theorem (Theorem IT. If) avail- 
able in the symmetric setting. Checking the first step for the domains defined by the 
intersection of a cone with the norm balls contains the main technical difficulties of the 
paper and requires, in particular, the analysis of the structure of the Satake boundary 
(Section [4]) and asymptotic estimates for renormalized volumes with respect to the in- 
variant measure (Sections and [6]). For instance, one of the reasons we are working in 
the setting of a symmetric space, rather than of a general homogeneous space, is the 
lack of the structure theory for Satake compactification needed to establish (1), since 
Theorem 17.11 is available in a more general setting of homogeneous spaces as obtained 
in [EMS] . 
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We mention that checking the well-roundedness property of [EM] for the domains 
amounts to carrying out the first step. Setting, for a radial cone C and T > 0, 

C T ■= {x e V nC : ||x|| < T}, 

{Ct '■ T 3> 1} is in general not well-rounded. We introduce the notion of an admissible 
generic cone in terms of its intersection with the Satake boundary of V. Showing 
that the family {Ct ■ T S> 1} is well-rounded for an admissible generic cone C is a 
consequence of two main ingredients of the paper: 

(i) Tube Lemma (Coro II ,23j) : in showing this lemma, we needed to generalize 
Satake's theory in an affine symmetric setting. 

(ii) The computation of the asymptotic limit of the invariant measures on V (The- 
orem (00]). 

We emphasize that in order to compute the explicit volume asymptotic of Ct, we 
need only the part (ii). However in order to obtain that Nt(V,C) ~ VoI(Ct) (not to 
mention the explicit asymptotic), we need to use both (i) and (ii). 

In the rest of this section, we explain the generalization of Satake's result |Saj on 
Riemannian symmetric spaces, which summarizes properties of the decomposition (|1.8|) 
and Tube lemma. 

Theorem 1.22. (a) For every J C A a , Vj° is a union of finitely many G -orbits. 

(b) For every J C A a , 

vf=(jvr. 

icJ 

(c) For every J C A a , Vj° = Vf° where I is the largest X L -connected subset of J. 

(d) For distinct X L - connected subsets I,Jc A a; Vf° n Vj° = 0. 

Similar constructions can be also found in |Sa] , |0s] , and |CP] , but they are not suit- 
able for our purpose: Satake [Sa] considered only representations on the space of bilin- 
ear forms, the Oshima compactification [Os] is defined abstractly, and the de Concini- 
Procesi compactification [CP] is defined with respect to the Zariski topology and applies 
only to a specific type of representations which have regular highest weights. 

While Theorem 11.221 is not used in the proofs of Theorem 11.111 and Theorem II. 12^ 
it is essential for the proofs of Theorem 11.61 Theorem 11.181 and Theorem 11.191 The 
crucial observation is the following corollary that describes neighborhoods of subsets 
in V°° . For / C A CT , we set 

or = ker/ = {a £ a : a(a) = 0, Va £ J}, 

and of = ai Pi a + , which is a face of the closed Weyl chamber a + . 

Corollary 1.23 (Tube lemma). Let I be a X L -connected subset of A a and a compact 
subset of S{W) contained in Ujd/^j - Then there exists a compact set U C a + such 
that 

Qnir(V) C 7r(Kexp(U + aj)Wv ). 
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Note that by Theorem ll.22l fb). \Jj d jVj° is the smallest open subset of n(V) = 
V 00 U 7r(V) which contains Vf° and is a union of cells. The following picture illustrates 
the structure of the Satake boundary for an affine symmetric variety associated to an 
M-irreducible representation of SL3 (see Section I2.4p with the highest weight A t which 
is not orthogonal to the simple roots a and (3. The shaded regions correspond to 
neighborhoods of points in the components of V°°. 




On the other hand, if X L _L a, we get 




As in the earlier works on counting integral points |DRSj |EM| , the basic dynamical 
or ergodic theoretic ingredient in our proof is the result on limiting distributions of 
translates of closed if-orbits in G/G(Z) as established in [EM] (see Theorem 17. li . 

1.3. Organization of the paper. Section [2] contains examples. In Section [3j we 
review some basic properties of affine symmetric spaces and representation. The struc- 
ture of the Satake boundary, including the proofs of Theorem 11.221 and Corollary 11.231 
is discussed in Section [4l Explicit formula for the measures z/j are obtained in Section 
Section [6] contains results on volume asymptotics (Theorem ll.20p . which are described 
via G-invariant measures on the boundary. Finally, the main theorems are proved in 
Section [7l In Section El we state a version of our main result using the language of 
arithmetic geometry. 

1.4. Acknowledgment. The authors would like to thank Gopal Prasad for providing 
us some important arguments used in the proof of Proposition 14.41 
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2. Examples 

2.1. Quadric. We start with an example of a rank-one symmetric space where the 
structure of the Satake boundary is quite simple. Let Q be an integral non-degenerate 
quadratic form on W +q of signature (p,q), p, q > 1, p + q > 4, and k £ N. We 
are interested in the distribution of integral points lying on the the quadratic surface 

V := {Q = k 2 }. To simplify notation, we assume that 

(2.1) Q{%li • • • ) %p+q) = x \ + " " " + x p ~ x p+l — ■ ■ ■ — £p_|_g 

Let Vq = (k, 0, . . . , 0) G V and H = Stabc(vo). Note that H is the set of fixed points 
of the involution of G: 

a : diag(-l, 1, . . . , 1) • g ■ diag(-l, 1, . . . , 1), 

which commutes with the Cartan involution 6(g) = t g~ . We have the Cartan decom- 
position G = K exp(a + )WH where 

K = SO(p) x SO(g), a+ = M> • (E p+qA + E 1>p+q ), 

and W = {e} if q > 1 and W = diag(±l, 1, . . . , 1) if q = 1. (Here is the matrix 
with 1 at (i,j)-entry and at the other entries.) For p > 1, V = Gvo and for p = 1, 

V = Gv U G(-v ). Setting wg° = (l/y/2, 0, . . . , 0, 1/V2), we have 

V°° = { Kv ™ for P,q > 

1 Kwq U — Kvff otherwise. 

Note that in all cases, V°° ~ <S P_1 x S" 7-1 , where we set S° = {±1}. One can check 
that a L = p + q — 2 and b L = 1. If V^(Z) ^ 0, the limiting distribution of the points 
{tt(v) : v G V(Z), \\v\\ < T} as T — ► oo is given by the probability measure p+ g _^ 

where di> is the suitably normalized invariant measure on S^ -1 x S q ^ 1 (see fjT. 171) ) : note 
that ||-|| can be any given norm on 

2.2. Determinant surface. For k G Z \ {0}, let 

V = {v£ M(n,R) : det(u) = A;}. 

Fix G V. Note that V is a homogeneous space of G = SL(n,R) x SL(n,K) for the 
action 

(51,52) • v 1 ^ ^(V 1 ^ 1 ^), (51,52) G G, f G V, 

and = Stabc^o) is the diagonal embedding of SL n (R) in G, which is the fixed 
point set of the involution a(gi,g2) = (52,51) commuting with the standard Cartan 
involution. We have Cartan decomposition G = K exp(a + )H (note that W = {e}), 
where 

K = SO(n) x SO(n), 

o + = {(a, -a) : a = diag(si, . . . , s n ), ^ Si = 0, Sj - sj > if i < j}. 

i 

The simple roots are on = Si — Si+i, i = 1, ... ,n — 1, the fundamental weights are 
oji = Yl)=i s ii an d * = l,...,n — 1, and the highest weight is X L = 2u\. Hence, 
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the A t -connected subsets of the set of simple roots are Iq = and Ij = {a±, . . . , ctj}, 
j = 1, . . . , n — 1. We have 

V°° = {ve S(M(ra,K)) : det(u) = 0}, 

V™> = {ve S(M(ra,K)) : rank(w) = j + 1}. 

Since 

2/3 = 2 ^2 j( n ~ j) a j an d K = 2<^i = 2 -ay, 

j 3 

we have a L = n 2 — n, b L = 1, J t = I n -2- Hence, the results from Section [1] (see Re- 
mark [L2T]) imply that for any admissible cone C C M(n, M) that contains a degenerate 
matrix in its interior, 

#{v e M(n, Z)nC: det(«) = k, \\v\\ < T} ~ r ^oo c(C, fc) • T™ 2- ", 

where c(C, fe) > 0, and the measures 

vev(zy.\\v\\<T 

converge as T —* oo to a finite smooth measure concentrated on the set of matrices of 
rank n - 1 in 5(M(n,M)). 

2.3. Space of symmetric matrices. Let V be the space of real symmetric matrices 
of signature (p, q) of determinant (— l) q . Put J = diag(l, . . . , 1, —1, . . . , —1) G V. Then 

P 9 

V = {9'J l 9 '■ 9 ^ SL(;p + g, M)} ~ SL(p + g, R)/ SO(p, q). 

Let n = p + q, G = SL(n, K) and H = SO(p, q). Note that V is the orbit of J for the 
representation i of G on the space W of symmetric n x n matrices given by 

gu; <?, g £ G, u> <E W. 

Also, -ff is the the set of fixed points of the involution a : g i— > J t g~ 1 J, which com- 
mutes with the Cartan involution 9 : g ^ *<? • We have Cartan decomposition 
G = if exp(a + )W.ff where K = SO(n), o + is the standard Weyl chamber in G, and W 
is the subset of the monomial matrices which gives coset representatives for 

N K (a)/N KnH (a)Z K (a) ~ 5 n /(S p x 5 ? ) 

where /S n denotes the group of symmetries on n elements. The simple roots a« and 
the fundamental weights co; are defined as in Section 12.21 an d the highest weight is 
given by A t = 2uj±. In particular, it follows that the A t -connected sets are Iq = 0, 
Ij = {«i, . . . , ctj}, j = 1, . . . , n — 1, and we have 

Vj° = {v G S(W) : sign(u) = (r, s),r + s = j,r < p, s < q}, 

V°° = {v £ S(W) : sign(u) = (r, s) , r + s < n, r < p, s < q}. 

Note that in this case, the sets Vf° are unions of several orbits of G if p, q > 0. For 
example, i is a union of two open orbits which consist of matrices of signature 
(p — l,q) and (p,q — 1) respectively. One can check (as in Section 12.2 j) that a L = 
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(n 2 — n)/2, b L = 1, l L = I n -2- Hence, the results of Section [T] imply that for every 
admissible cone C <ZW which contains a degenerate symmetric matrix in its interior, 

up 1 — 71 

#{r G V(Z) : ||r|| < T} ~ r ^oo c(C) ■ T~ , 
where c(C) > 0, and the measures 

v€V(Z):0<\\v\\<T 

converge as T — > oo to a measure concentrated on the set of matrices of signature 
(p — 1, q) and (p, q — 1) in 5(W). 

2.4. Group variety. Let G be a connected Q-simple algebraic group isotropic over 
M and i : G — ► GL(VF) an M-irreducible Q-representation of G. We consider the 
distribution of integral points in the variety V := t(G). Note that V(K) consists of 
finitely many orbits of G = G(R)°. For simplicity, we make the computation for the 
orbit V = l{G). 

Let K be a maximal compact subgroup of G, a a Cartan subalgebra associated to 
K, and o + a positive Weyl chamber. We denote by A the set of simple roots of G with 
respect to o + , and let u a , a G A, be the set of fundamental weights. We consider the 
action of G = G x G on V: 

{91,92) ■ v h-> giv§2 1 , (91,92) G G, v G V. 

Then V ~ G/H, where H = {(g,g) : 9 G G}. We have Cartan decomposition G = 
K ex.p(a + )H (note that W = {e}), where 

K = K X K and o + = {(a, —a) : a G a + }. 

Note that in this case every Vf° is a single G-orbit. Let p and p be half of the sums 
of positive roots for G and G, and A t and X L be the highest weights for a and 
respectively. Since p = 2p and A t = 2A t , the parameters a t , 6 t , I L are computed as in 
(ll.lOp . and the distribution of integral points is described by the results from Section [1] 
(see Remark 11.211) . Let us consider "generic" case, that is, 

(2.2) 2p = u aOt and X L = m a a = n a uj a 

with all n a > and 7^ for all a 7^ /3. Then the Satake boundary V°° is a union 

of 2 dima orbits of G, and there are exactly dim a open orbits V^?/ a i, a G A, but the 
measures 

fri-max a (ii a /m a ) \ ^ r 

veV(Z):\\v\\<T 

converge as T — > 00 to a measure concentrated on the single open G-orbit V^y^i such 
that — ^- = max™ (compare with non-generic case in Section [2.2H . The number of 

TrlaQ Vila v ' 

integral points in V with norm less than T is of order J , max a (« a ./m a ) as J 1 — > 00, and 
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the number of points whose projections accumulate on the open G-orbit V^?r a i is of 
order T Ua l ma as T — > cxd. 

2.5. General affine symmetric variety. Let G be a connected noncompact semisim- 
ple Lie group and H a symmetric subgroup. We fix a Cartan decomposition 

G = Kexp(a + )WH. 

By Proposition 13.161 given an integral dominant weight A of o + , there exists an no- 
nreducible .ff-spherical representation i : G — > GL(H / ) with the highest weight X L 
being a multiple of A. Then W contains a symmetric variety V — G/H. The structure 
of the Satake boundary V°° of V is determined by the combinatorial data (12. 2D of 2p 
and A t . Assume that G and H are the groups of real points of algebraic semisimple 
Q-groups G and H such that G is Q-simple and H has no nontrivial Q-characters, and 
that i is defined over Q. Then if V(Z) 7^ 0, the distribution of integral points V(Z) is 
determined by (12. 2j) as well. We mention two examples. 



The "generic" case (i.e., all n a > and / ^ for a 7^ /?) is quite similar to the 
discussion in Section 12.41 except that when V is not a group variety, the sets Vf° may 
be unions of several G-orbits. 

It is well known that 2p is an integral dominant weight and all n a > 0. Hence, by 
Proposition 13.161 there exists an i^-spherical representation with the highest weight 
A t = Up for some f £ N. Moreover, if G is an inner form, then the corresponding 
representation is defined over Q (see Remark I3.22|) . We compute: a L = l/£, b L = dim a, 
1 L = 0. Hence, the number of integral points in V with norm less than T is of order 
T 1// ^(logT) dima_1 , and the measures 



1 - s. 



T 1 / e (loeT) dima - 1 ^ 

\"->B x J «eV(Z):||«||<T 



ir(v) 



converge as T — ► 00 to a measure fi L supported on . Note that K acts transitively 
on (see Proposition I4.35p . and p L = \\v\\~ ai dv where dv is a suitably normalized 
if-invariant measure on (cf. (|7.17|) ). On the other hand, for / G C(S(W)) such 
that supp/ n V°° C ri for some a £ A CT , we have 

veV(Z):\\v\\<T 



where p^-ia} is a measure concentrated on 



-{a}- 



3. Affine symmetric spaces and representations 

3.1. Affine symmetric spaces, (see [ScJ Ch. 7].[H5l Part II] . [US] . [Ro] ) 

Let G be a connected noncompact semisimple Lie group with finite center and q the 
Lie algebra of G. A closed subgroup H of G, with the Lie algebra f) C 5, is called 
symmetric if f) is the set of fixed points of an involution a of 0. Then the factor space 
G/H is called an affine symmetric space. 
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There exists a Cartan involution 9 of g which commutes with a. We denote by K 
the maximal compact subgroup of G that corresponds to 9 and by t its Lie algebra. 
We have decompositions 

g = h © q and g = 6 © p 

into +1 and —1 eigenspaces of a and 9 respectively. 

There exists a Cartan subalgebra c of g stable under 9 and a such that b := cflp 
is a maximal abelian subalgebra of p, c H q is a maximal abelian subalgebra of q, and 
o:=cnpnqisa maximal abelian subalgebra of p n q. We call b a Cartan subalgebra 
associated to 9 and o a Cartan subalgebra associated to (9, a). We denote by Sc C cc*, 
S C b*, and S CT C a* the root systems. One can choose a set of positive roots C Sc 
so that S + = \ {0} and S+ = S + | a \ {0} are systems of positive roots in S and 

Let Ac C Sj£ denote the system of simple roots. Then 

(3.1) A = A c | b \{0} and A a = A| fl \{0}. 

are systems of simple roots for S and S CT respectively. We also set Aj = {a £ A : 
a|a = 0}. 

The space o is a Cartan subalgebra associated to 9 of the reductive Lie algebra 
(6 (~l h) © (p n q), which is the set of fixed points of the involution o9. We denote by 
X CTj C So- the corresponding root system and choose a set positive roots S+g C S^ 
such that S+g C S+. 

The Weyl groups of S CT and S CT) e are given by 

W CT = N K (a)/Z K (a) and = N KnH (a)/Z KnH (a), 

and one can choose a set W C Nk(<x) n Nx{b) of coset representatives of W a /W a £ 

Denoting by a + be the closed positive Weyl chamber for S+, we have Cartan de- 
composition: 

(3.2) G = Kexp(a)H = Kexp(a + )WH. 

Note that for any g £ G, a + -component of g and the W-component of g are uniquely 
defined. 

For a root a £ S CT U {0}, we denote by g Q the corresponding root space associated to 
a. Also for a root a £ S, we denote by g»(b) the corresponding root space associated 
to b. 

Let (-, •) denote the Killing form on g. We consider a positive definite symmetric 
bilinear form B on g: 

(3.3) B(X, Y) = — (X, 9(Y)) = Tr(ad X o ad(0(F)). 
Note that 



(3.4) 



B{Q a ,Qf3) = foralla//3eS CT U{0}, 
B e = B a = B. 
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Remark 3.5. For (3 G S, take any X G 0s(b) such that f?(X, X) = 1, and put 
= [X, — 0(X)]. Then #(6g) = —6^. Since O(g^) = g_^, we have G go(b). Hence 
b^ G b. Moreover for all 6 G b, 

(3.6) (6, 6^) = (b, [X, -9(X)]) = (lb, X], -9(X)) = [3(b) {X, -8(X)) = (3(b). 

Since the Killing form restricted to b is nondegenerate, b^ is the unique element, say 
6*, of b such that (b, b*) = (3(b) for all 6 Gb. 

For each a G So-, the root space Q a is invariant under the involution a9, and it 
decomposes into (±l)-eigenspaces of o9: 

8a = 9a © So i 

we define 

I* = dimg^, and = + l~. 

We have 

2p = ^2 l a a. 

A Haar measure on G/H is given by the formula 

(3.7) / fdfi= I J2 ! f(kex V (a)wH)^a)dadk, feC c (G/H), 

J G/H JK.~f A ,Ja+ 



where da and dk denote Haar measures on a and K, and 
(3.8) £(a) = Yl ( sinh a(a))'" (cosh a(a)) 1 " . 

aGS+ 

To match (13. T[) with the integral formula given in [Scl Ch. 7] , we note that the function 
|£| is invariant under the Weyl group. 

Remark 3.9. For a G £ CT , let X G g+ U g~ such that B(X,X) = 1 and put a a := 
[X, — 9(X)] G go- Then <r(a a ) = — a a and #(a a ) = — a a . Therefore a a G a and by (|3.6jh 
we have (a, a a ) = a(a) for all a G a. Hence a Q is the unique element of o satisfying the 
last equation. 

3.2. Representations, (see [GJTl Ch. IV] .[Si] .[CP]) Let i : G -> GL(W) be an 
irreducible over R representation of G on a real vector space W. We denote by gc, c<Cj 
f)C the complexifications of g, c, I). Note that a extends to an involution of gc, and f)c 
is the subalgebra of the fixed points of a in gc- 

Let Wo be a complex g-irreducible subspace of C © W. Then either C © W = Wo or 
C <8> W = Wo © Wo, where bar denotes the standard complex conjugation on C © W. 
Note that if C © W is not complex irreducible, then the map 

(3.10) W Bv^(v + v)eW 

is a g-equivariant isomorphism over M; and hence in this case W can be treated as 
vector space over C with C-linear action of g. By abuse of notation, the representation 
of g on Wq over C will also be denoted by i. 



INTEGRAL POINTS ON SYMMETRIC VARIETIES 



17 



We denote by A t G c£ the highest weight of l with respect to the ordering defined 
by Ac- Then all other weights of cc with respect to l are of the form 

(3.11) A = A t — n a(\)a 

for some non-negative integers n a (X). 

The action of a on W is diagonalizable (over M) and 

w = e X€ $ L w x , 

where 3> t C a* is the set of weights and 

W x = {w G W : a ■ w = X(a)w, Va G 0} 
denotes the weight space with weight A. Given w G W, we have a decomposition 

w = ^ w x , w x G W x . 

Ae* t 

The weight A t := AJ a is the maximal element of <3? t with respect to the ordering 
defined by A a . All the other weights Ae$i are of the form 

(3.12) A = A t — ^2 n a(X)a 

a6A CT 

for some non-negative integers n a (X). Let 

suppA = {a G Aq- : n a (A) > 0}. 
For a subset / of A CT and a vector w G W, we set 

w 1 = J2 wX and w * = E 

A:suppAC/ A:suppAC/ 

Recalling Definition 11.141 a subset of a* is called connected if it is not a union of 
nonempty subsets orthogonal with respect to the form B; that is, if its Dynkin diagram 
is connected. We say that I C A CT is A t -connected, if I U {A t } is a connected subset of 
A <j. 

Proposition 3.13. For any A G supp(A) U {A t } is connected, and for every X L - 
connected I C A^ there exists X G 3> t sttc/i t/iat supp(A) = /. 

Proof. The similar statement for the set of weight of b was shown in |Sa[ Sec. 2], and 
the proof applies to our situation with minor changes. The key fact is that there exists 
an involution a \—* a' of the set A — Ao such that 

-a" = a + Tiafifl, a G A \ Ao, 
/3eA 

for some n aj/ g G Z>o (see [Scl Lemma 7.2.3]). Using that the proposition holds for the 
weights of b, one can complete the proof as in [Saj. □ 



Remark 3.14. We setK = R when W®C = W , and K = C when W ®C = W ®W . 
Then W can be treated as a M.-vector space with ¥L-linear action of q. 



18 ALEXANDER GORODNIK, HEE OH AND NIMISH SHAH 

i^-spherical representations. Let W H denote the space of fixed points of H on W. 
If W H 7^ 0, then the representation i is called H -spherical. 

Lemma 3.15 ( |CP[ Lemma 1.5]). If i is H-spherical then the K-dim(W^) = 1; and 
Af = -A t . ' ' □ 

Using the form B defined in (|3.3j) . we introduce a scalar product on c*, b*, a*. An 
element A G c* is called integral if 2 ^'a) ^ ^ ^ or a ^ a ^ anc ^ ^ * s cane d dominant 
if (A, q) > for all a G Ac- For j3 G Ac, we define the fundamental weights cjp by 

2 (ttg» a) c w c a 

— : r- = <W, va G A c , 

(a, a) 

where 5 a( g denotes the Kronecker symbol. Similarly, we define these notions for b* 
and a*. It is well-known that the the highest weight A t is integral and dominant, 
and conversely, every integral dominant weight is the highest weight of an irreducible 
representation of 0c- We prove an analogous result for real spherical representations: 

Proposition 3.16 (cf. |GJTl Proposition 4.15]). The highest weight X L is integral and 
dominant. There exists £ G N such that for every integral dominant A G a*, i\ is a 
highest weight of a real absolutely irreducible H-spherical representation of q. 

Proof. The fact that A t is integral and dominant follows from the representation theory 
ofs[(2,K) (see [GJTl Lemma 4.12]). 

For a G Ac (or a G A CT ), we take h a G c and h* a G c* (or h a G a and h* a G a*) such 
that 

(hp, h a ) = /3(h a ) = {(3, a) and (h* a , (3) = h* a (hp) = 5 af3 

for all a,f3 G Ac (or a, [3 G A CT ). For A G c*, we denote by A G a* its restriction to a, 
and for x G c, we denote by x G a its orthogonal projection to o. It follows from (|3.ip 
and (|3.4p that for a G Ac such that a^O and /3 G A CT , 

h a = h^ and frg = ft* . 

Suppose that A = X^/3gA CT n p u p f° r n P e ^>o- Since = | (/?, /?) /i^, we have 
(3.17) A = ) n a - • u a . 

It is well known that (cti, a^) G Q for 01,02 G Sc- Hence, using that 

a = ^( a -a e - a a + a ad ), 
we deduce that the coefficients in (I3.17P are rational numbers. We take I G N such that 

a€A c :a^0 
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for m a G 2Z>o and consider an irreducible complex representation t : gc — > GL(I4 / o) 
with the highest weight 

(3.18) A = m a uj a . 

Let A c = {a G Ac : a|a = 0}. It was shown in |Sa| that there exists an involution 
a i — > 9(a) of the set Ac \ A c such that 

-a 9 = 9(a) + ^ u ajP P, a G A c \ A c , 

for some u a ^ G Z>o- Moreover, according to \On\ §9], the involution 9 is induced by 
an automorphism of the Dynkin diagram of Ac- In particular, (9(a), 9(a)) = (a, a) 
for all a G Ac \ A c . Also, it is clear that a\ a = 9(a)\ a . This shows that m a = Tn§f a \ 
and by |On[ §8], the restriction of i to g leaves the a real form W of Wo invariant. 

It remain to check that the representation t is spherical. Recall that := cHq = {x G 
c : cr(x) = — x] is a maximal abelian subalgebra of q. Let Ag = {a G Ac : a| = 0}. 
It was shown in [CP] that there exists an involution a i— ► cr(a) of the set Ac \ Ag such 
that 

(3.19) - a a = a(a) + ^ a G A c \ Ag, 

for some G Z>o- Since TOq,'s are even, according to [CP] . the representation t 
is spherical provided that m a = for a G Ac \ Ag. Hence, it suffices to show 

that the involution cr is induced by an automorphism of the Dynkin diagram of Ac- 
Without loss of generality, we may assume that Ag ^ 0. Then one can check that 
c fi f) is a Cartan subalgebra of [3 f,(f) , 3t) (f )] with the system of simple roots Ag. The 
corresponding Weyl group is generated by reflections 

wp (a) = a-2^f3, (5 G Ag. 

This implies that for every w G W^, 

(3.20) (£+ \ (A c )r C £+ \ (Ag), 

(3.21) a w Ga + (Ag), a G A c . 

Take w G such that (Ag)™ = -Ag. It follows from rf3~T9|) and (pT20j) that 
the map a \—* —a aw ° preserves S^, and hence, it induces an automorphism of the 
Dynkin diagram of Ac- On the other hand, it follows from (|3.19j) and (I3.2ip that for 
a G A c \ Ag, 

a awo G <5"(q) + (Ag). 

This implies that a (a) = —a aw °, a G Ac \ Ag, and finishes the proof. □ 

Remark 3.22. Suppose that G = G(M)° for a semisimple algebraic Q-group G. 
Choosing the Cartan subalgebra c to be defined over Q, we have the ^-action of the 
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Galois group Gal(Q/Q) on the set of simple roots Ac- By [U Theorem 3.2], the rep- 
resentation constructed in Proposition 13.161 is defined over Q provided that the highest 
weight A is in the root lattice, and the coefficients in (|3.18p are invariant under the 
★-action. In particular, if G is an inner form, then the ^-action is trivial, and l\ is 
realized as a highest weight of a representation defined over Q for some I. 

4. Structure of Satake compactification 

Let G be a connected noncompact semisimple Lie group with a finite center and i : 
G —* GLk(W) an irreducible almost faithful representation of G on a finite dimensional 
real vector space W. Let a be an involution of G and H the symmetric subgroup of G 
with respect to a. We assume that H fixes a nonzero vq G W. 

We start with some basic observations: let 

n= Yl 5a - 

Lemma 4.1. We have W Xl = {v G W : nv = 0}. 

Proof. Let a G Then g a W Xi C W Xl+a . Since A t is the highest weight in <3? t , we 
conclude that W Xl+a = 0. This shows that nW Xl = 0. 

Now let v G W such that nv = 0. Suppose v ^ W Xb . Then there exists y 6 W' := 
J2x<x L W x such that ny = 0. Let n~ = ^ Q es+ £>-<*■ Then g = n~ © go © n- Note that 

U (n)y = 0; U (q )W C W; ?7o(n-)Ty' C W, 

where Uo(n) denotes the linear span of (non-constant) monomials formed from a basis 
of n, and the others are defined similarly. By Poincare-Birkhoff-Witt's theorem, it 
follows that 

U( S )y C W, 

where U(q) is the universal enveloping algebra of g. This is a contradiction, because 
U (fl)y = W by the irreducibility of the g-action on W. □ 

Lemma 4.2. For every \ L -connected I C A CT and every w G W, i/iere exists A G <I? t 
sitc/i i/ia£ suppA = / and {wvq) x 7^ 0. 

Proof. First, we consider the case of J = 0; that is, we show that (uwo) At 7^ 0. We 
denote by a w = Ad(w) ocoAd(tt; _1 ) the involution of q corresponding to the symmetric 
subgroup wHw^ 1 . Take a maximal A 6 $ l such that (wvo) x 7^ and suppose that 
A 7^ A t . Then by Lemma I4TT1 there exist a G and I 6 g a such that X(wvo) x 7^ 0. 
Since X + <7 TO (AT) belongs to the Lie algebra of wHw^ 1 , 

(X + a w (X))(wv ) = 0. 

Therefore there exists fj, G $ t such that (wvq)^ 7^ and A + a = /x + a CTtu . Since 
= —a for all a G 0, we have a aw = —a. Therefore /i = A + 2a > A, which 
contradicts the choice of A. 
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Now we prove the general case. Given a A t -connected I C A a , there exists wq G W ff 
such that the weight A t o Ad(u;o) has support equal to I ( |GJT1 Lemma B.8]). Then 
by the above case 

w (wv ) KoAdw ° = (w wv ) K ^ 0. 
This proves the lemma. □ 
4.1. Symmetric subgroup as a stabilizer. 

Proposition 4.3. The map G/H — > V given by gH gruQ, /or a// g £ G, is proper. 
In particular, the orbit Gvq is closed. 

Proof. Take any w G W. By Lemma 14.21 (txwo) a ' 7^ 0. Since the representation is 
almost faithful, 

where m a > for all a. Therefore the map 

a i-> exp(a)(uw ) = ^ e A ^(uw ) A 

from o + to V is proper. Now, since G = K exp(a + )W.ff, the map g 1— > g^o is proper. □ 
Proposition 4.4. H is a subgroup of finite index in Stabc^o)- 

Proof. Let L = Stabc(wo). Then H C L, and by Proposition 14.31 L/ff is compact. 
Therefore, since H is reductive and L is a real almost algebraic subgroup of G, we 
conclude that L unipotent radical of L is trivial. Hence L is reductive. Let [ denote 
the Lie subalgebra of q associated to L, and [ = {X G q : (X, I) = 0}. Since [ is 
reductive, the Killing form of q restricted to [ is nondegenerate. Therefore we get 

(4.5) [M^Cl^ and g = [®[ ± . 
Since H is a symmetric subgroup and H C L, we note that 

(4.6) f) n l x = {0}, [h\ fr 1 ] C h, ft, h] C f), and [f), f^] C i) ± . 
Put, m = I) 1 n 1. Then 

[t-\m] c [(\ f^] n [r- 1 , i] c [fr 1 , h^] n [i- 1 , q c f> n t 1 - = {o}, 
[h,m] c [^(, i ]n[f,,[]cf, 1 n[ = m, 
[m,m] c [fi^f^] c fj. 

We put mi = [m,m] © m. Then mi is stable under ad(h), ad([ ± ), and ad(m). Since 
h -1 - = m + I -1 ", we conclude that mi is an ideal in G. Since mi C I, we have that 
mi • v = 0. Hence 

mi • Xv C X ■m 1 -v + [mx,X] ■ v = {0}, MX G 0. 

Therefore, since q acts irreducibly on W, mi acts trivially on W. Since G acts almost 
faithfully on W, we get mi = {0}, and hence [ = f). Now the conclusion of the 
proposition follows because L/H is compact. □ 
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Using Proposition 14.31 and the proof of Proposition l4.4l it is straightforward to deduce 
the following. 

Corollary 4.7. Suppose that G acts linearly and almost faithfully on a finite dimen- 
sional vector space E over K = R or C. Suppose that there exists ^ wq G E such 
that Hwq = wq and K-span(Gu>o) = E. Then the map gH i— ► gv from G/H to E is 
proper. Moreover H is a subgroup of finite index in Stab(2(u>o). 

Let S(W) denote the unit sphere in W, and it : W \ {0} — > S(W) denote the radial 
projection. 

Proposition 4.8. The map ir : V — * tv(V) is a homeomorphism. 

Proof. To verify that the map n is bijective, we suppose that giv$ = \g2V0 for some 
9i,92 G G and A 7^ ±1. Then it follows that for some g G G and A G (—1, 1), gvo = Xvo. 
Therefore g n VQ — » as n — > cxd, which contradicts the conclusion of Proposition 14.31 
that Gvq is closed. 

It is clear that the map is continuous and G-equi variant. Since the orbits of G in 
the projective space of W are locally closed, it follows that tt{G-vq) is locally compact. 
Hence, the map tt is a homeomorphism. □ 

4.2. Satake Boundary. We define the Satake boundary V°° of V to be the set of 
the limit points of the sequences ir(v n ), v n G V, v n — > 00. Note that identifying G/i? 
with 7r(V), the space 7r(V) U gives a compactification of G/i? similar to the Satake 
compactification of the Riemannian symmetric space of G constructed in [Saj. 

We use notations from Sectional For J C A CT , let aj = ker(J), a J its orthogonal 
complement, and 

(4.9) a J ' + = {a E a J : ar(a) > for all a G J}. 

The set J is the system of simple roots on a J , and its Weyl group Wj can be identified 
with the subgroup of W a that acts trivially on aj. We choose a set W J of representa- 
tives of the double cosets Wj\W a /W^ e . In particular, W = W . 
For J C A CT and w G W, we set 

{k G if, a G o+, 1 
lim7r(A:exp(a)t(;fo) : a(a) —>■ co for a G A CT \ J, > . 
a(a) is bounded for a G J. J 

The main result of this section is the following theorem, which gives an explicit 
combinatorial description of the decomposition of V°° into G-orbits. 
Define 

wieWj 

Theorem 4.10. The decomposition ofV°° into G-orbits is given by 

v°° = U o IiW 

I,w 

where the union is taken over all X L - connected subsets I C A CT and w G W 1 . 
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Moreover, 

(4.11) IiW = n(G(wv Y) 
and 

(4.12) O h>Wl n O l2<W2 = forh^h. 

We shall prove this theorem through a series of auxiliary results. 

Proposition 4.13. Let J C A^, w G W, and I C J be the largest X b -connected subset. 
Then 

Vj™ = vr(Kexp(a / ' + )(^ ) / ) = n(K ex P (a J '+)(^ ) J ) = 

Proof. Recall that Vj° w is the set of limit points of the sequences ir(k exp(a n )wvo) where 
k G K and {a n } C o + such that a(a n ) — > oo for a G A CT \ J and a(a n ) is bounded for 
a G J. Passing to a subsequence, we may assume that there exists a G o /,+ such that 
ot{a n ) — ► a(a) for every a £ I. Then for A = A t — ^ Q £A CT n a(^) a S <& t , 

V n a( A)a(a n ) - ( if su PP (A) g J 

^ y ' v ; 1 +oo if supp(A) £ J. 

aGA CT 

Note that by Proposition l3.13l supp(A) C J iff supp(A) C /. By Lemma [4T2"1 (wvq) 1 / 0. 
Therefore 

ir(exp(a n )wv ) = n ^ exp(A(a n ))(w • u ) 

= 7T ^ exp - ^ n a (X)a(a n ) (wv ) 

\\e$ t . \ aGA CT / 

"-^ 7r ^ exp - ^2 n a (X)a(a) (wv ) 

\A:supp(A)C/ V a£A„ / 

= 7r(exp(a)(w;i;o) / ). 

This shows that Vj° w C ir(K exp(a I ' + )(wvo) 1 ). On the other hand, given a G o /,+ , one 
can find a sequence {a n } C a + such that a(a n ) = a(a) for a £ I, a(a n ) is bounded 
for a G J \ I, and a(a n ) — ► +oo for a G A CT \ J. This completes the proof of the first 
equality. 

By Proposition 13.13} (wvq) j = (wvq) 1 , and using that a J,+ C aj + o /,+ , we deduce 
that 

exp(a J > + )(wvoY C M + • exp(o / ' + )(u;?;o) / - 

This implies the second equality. 

The third equality is a consequence of the first two equalities. □ 

Using the same argument as in the proof Proposition 14.131 we also deduce 
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Proposition 4.14. For every w G W and J C A CT; 

J,w Kj 'I,w 

\ L -connected I C J 

Note that Proposition ^. 14l implies that the orbit Oj w is open iff / C A CT is a maximal 
A t -connected set. In this case, \I\ = |Ao-| — 1. 

4.3. Notation and basic facts. For g G G let c g denote the inner conjugation by g. 
For w G W, we define the involutive automorphism a w := c w ocroc" 1 . Since 6{w) = w, 
and a and 8 commute, we have that 9 and a w also commute. Let 

(4.15) b := {A G b : <r{X) = A} = b n f) = b n tr 1 . 

Since Adw;(a) = o and Ad w(b) = b, and Adw preserves the Killing form, we have 
Adw(bo) = bo- Therefore 

(4.16) a w (b) = b, bo = {X G b : ^(A) = A}, o = {A G b : <x w (A) = -A}. 

Parabolic subalgebra pj and and a decomposition of its Levi subalgebra. Let J C A CT . 
Since c^a) = —a for all a G So-, we have that o" w (aj) = aj. Since a w preserves the 
Killing form on g, we have that a w (a J ) = a J . Let 3 B (aj) denote the centralizer of oj 
in g. Let 

(4.17) Sj = {/? G : /? = ^n Q a, n a G Z} and S+ = SjnS+. 
Define 

nj := ^ 0/3, and 

/3eS+\E.j 

(4.18) pj :=3g(aj) ©nj, 
which is a parabolic subalgebra of g. We define 

(4.19) m = [go, Bo], where g = 3 s ( a ) as before, 

(4.20) mj = ^ g_/3 + [g_^, g^] + g p . 

Then 

b»(<*jr),3 fl (ajr)] =m + mj. 

Note that [mo,mj] = mj and [ttij,mj] C mj. Since [3 g (aj), 3 g (aj)] is semisimple, its 
ideal mj is semisimple. 

Since mo is semisimple for the ideal 

(4.21) m At := {x G m : xW Xl = 0}, 
there exists an ideal m c such that 

(4.22) m = m c ©m Ai . 

Also, there exist ideals m J c and m J x of m c and m\ L respectively, such that 
m c + mj = m^ ffimj and ttia, + rcij = m'{ L © mj. 
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By Remark |3.5[ bo = spanjft^ : 5 £ Aq} C mo- Since mo C go is semisimple, we have 
o n mo = {0}. Therefore 

(4.23) b = m n b. 

Since o~ w (gp) = Q-p, we conclude that mj is cr^-invariant. Similarly, mj is 8- 
invariant. Therefore 

mj = (6nmj) (p n (Adw)qnmj) ((Adw)t) n my). 

Note that a is a maximal abelian subalgebra of p D (Adw)q. Next we show that 

(4.24) anmj = a J . 

For each (3 £ J, let ap £ a be such that (ap, a) = 0(a) for all a £ a. Then 
{ap : (3 £ J} is a basis of a J . Hence by Remark [331 and (|4.2U|) . we have a J C mj. For 
any (5 £ Sj, if Y± £ Q±p, and X £ ay, then 

(X, [Y_,Y + ]) = ([X,Y.], Y + ) = -0(X) (y_, y+) = 0. 

Therefore, by (14201) . (a n my) 1 aj; that is, a n my C o J . This justifies (14241) . 

Note that center of 3 g (ay) is contained in the center of 3 (b), which in turn is con- 
tained in c = (6 n c) + b. As b = a + bo, for cy := Center(3 (ay)) n 6, 

(4.25) 3 (ay) = cy + b + m + my = cy ay m^ m^ my. 

Let Pj denote the parabolic subgroup of G associated to py. Let My and Nj denote 
the analytic subgroups of Pj associated to the subalgebras my and ny, respectively. In 
the course of the above discussion, we have also proved the following: 

Proposition 4.26. Let J C A CT and w £ W. Then the semisimple group Mj is 
invariant under 8 and a w , and a J is a Cartan subalgebra of Mj for the pair (8,a w ). 

Note that a J has the system of simple roots J with the Weyl group Wy, and we have 
the decomposition 

(4.27) My = (My n K) exv{a J > + )Wj{wHw- 1 n My). 

Lemma 4.28. Let J C A a . Then the following assertions hold: 

(i) W J = {v £ W : av = X t (a)v, Va £ ay}. 

(ii) Z G {Aj) ■ W J C W J . 

(iii) (Zg{Aj) n wHw~ 1 )(wvo) J = (wvq) j for any w £ W. 

(iv) iVy acts trivially on W J . 

Proof. If A £ $ t such that suppA C J and a £ ay, then by definition of suppA, we 
have that A(a) = A t (a). Therefore av = \ L (a)v for all v £ W^. 

Since an open subset of ay is contained in the boundary of a + , there exits X £ ay 
such that a(X) > for all a £ A CT \ J. Therefore if A £ & L such that suppA <f_ J, 
then X(X) < X L (X). Therefore (i) follows from the above two observations and the 
definition of W J . 

Since the centralizer preserves the isotypical components, we obtain (ii). 
Let X £ ay be as above. Then 

(4.29) lim e~ Ut(x) exp(tX)(wv ) = (wv ) J . 
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Since Zq{Aj) C\wHw~ l fixes wvq, it acts trivially on the R-span of Aj{wvq), which 
contains (wvq) j by (I4,29p , Therefore (iii) holds. 

Let A 6 $ t be such that suppA C J; that is, A = A t — YlatJ n a&, where all n a > 0. 
Suppose that 7 = Yla£A a m aOt, where all m a > 0, is such that A + 7 G Since A t is 
the highest weight in $ t , we have 

A t -(A + 7 )GS+ 

Then m a = for all a G A CT \ J; that is, 7 G Sj . This shows that if 7 G E+ \ Sj, then 

g^W x C W x+1 = 0. 
Therefore njW J = 0. Thus (iv) holds. 

□ 

Proposition 4.30. ij : = 3 (aj) acts irreducibly on W J . 

Proof. With notation as in the proof of Lemma 14. 1\ we have Uq{w)W Xl = and 
Uq(x\~)W Xi C W . This easily implies that go acts irreducibly on W Xl . 
Since n = (raj n n) + nj, and n j ■ W J = 0, it follows from Lemma I3~T1 

(4.31) W Xl = {t> G W j : (m j H n)v = 0}. 

Since jj is reductive, W J is a direct sum of irreducible 3j-modules, and each of them 
admits a nonzero subspace which is annihilated by mj n n (Engel's theorem). Hence 
by (|4.3ip each of the 3 j-submodules contains a nonzero subspace of W Xl which in turn 
is invariant under go C $j. Since go acts irreducibly on W Xl , we conclude that %j acts 
irreducibly on W J . □ 

Lemma 4.32. m c C B D 3 fl (b). 

Proof. Let mo be maximal noncompact ideal of mo- It follows from [Set Lemma 7.1.4] 
that mo C (Adw)(f)). Hence, by Lemma l4.28f iii). mo C ttV\ 6 . Since by Remark [331 
bo = span{6j : (5 G Ao} C mo, we deduce that m c C 3 g (b). This implies the lemma. □ 

Definition 4.33. For a A t -connected / of A CT , let I' = (I U {At})- 1 n A^; that is, the 
set of roots in A, T which are orthogonal to A t and all roots in /. We define 

J(I) :=IUI'. 

We note the following: 

(1) J(I) uniquely determines /, as / is the maximal A t -connected subset of J(I). 

(2) If (3, 7 G and /? _L 7, then /? + 7 G" £+. Therefore [m/,m//] = 0, and hence 
Mj(/) = MjMjr is an almost direct product. Also £j(/) = £j U £//. 

(3) = 

Proposition 4.34. Zet / and J = J(/) 6e as above. Then 

(m{ L + VCtj^W 1 = and cw = A L (c)w, Vc G cj, u> G W 1 . 
The Lie algebra m£ © m/ acis irreducibly and faithfully on W 1 over K. 
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Proof. By the definition of I' and Proposition 13.131 for any 7 E Sj/ and A E <3? t with 
suppA E /, we have A + 7 E" <3? t . Therefore, mj'W J = 0. Since is a semisimple 
ideal in 3 g (aj), by Proposition 14.301 and (|4.2ip . we conclude that mfW 1 = 0. By 
Proposition 14.301 and (|4.25[) . cj © rtv/ © mi acts irreducibly on W J over K. If K = R 
then Wc' n is a one-dimensional cj-invariant subspace. Since exp(cj) E X, we 
conclude that Cj(W c ' n VF) = 0. Hence, by irreducibility, cjW J = 0. Suppose if 
K = C, then cj being central in cj © m J c © m/, by the irreducibility we conclude that 
cj acts via K-scalars on W J . This proves the first claim. 

It follows from above that © vcij act irreducibly on W J over K. Since mo D m/' E 
triA t , we have that = m^. This proves irreducibility. 

By (14.2ip and (14.22p . m J c acts faithfully on W Xl , and hence on W 1 . We observe that 
any nonzero ideal of mj contains a 11 for some ^ I\ C I such that Ii _L (J \ Ji). 
Since / is A t -connected, /1 is A t -connected, and hence a /j E! ker(A t ). But then ct^Vq' = 
K(a h )vQ L + 0. Thus, m/ acts faithfully on W 7 . □ 

Proposition 4.35. For a X L -connected subset I of A a and w E W, we have 

tt{G{wv Y) = tt(K exp(o / ' + )W/(^ ) / ) = ir(K exp(a I ' + )(WiWv ) 1 ). 

Proof. By the Iwasawa decomposition we have G = KPj = K exp(3 g (o/))(a/)A r /. Now 
Nj acts trivially on W 1 . Therefore, in view of Proposition 14.341 

7r(G(iiWo) 7 ) = ■k{KM i {wv ) 1 ). 

Now the first equality follows from Lemma l4.28( iii). and (|4.27p . 

Since the weight spaces W x , A E & L , are orthogonal with respect to a iiT-invariant 
scalar product, and by Lemma 14.281 VVj E Mj n K preserves W 1 , it follows that Wj 
preserves the orthogonal complement of W 1 , and hence 

w ■ v 1 = (wv) 1 for all w E Wi and v E W. 
This justifies the second equality in the proposition. □ 
4.4. Disjointness of the G-orbits in the boundary and stabilizers of (woVq) 1 . 
Lemma 4.36. Let I be a X L -connected subset of A a and let J = J(I). Then 

St&h G (W r ) :={g£G: gW 1 = W 1 } = Pj. 

Proof. Let Q = Stab G (VF / ). It follows from Lemma [OS] that Q D Pj. Hence, Q = P s 
with J E S E A CT . Since 35 := 3 s (as) E P5, we have isW 1 = W 1 . By Proposition 14.301 
35 acts irreducibly on Therefore W 1 = W s . Since / is A t -connected, by Propo- 
sition 13.131 / is the maximal A t -connected component of S. Hence by Definition 14.331 
S C J (I). Hence J = S. □ 

Let / be a A t -connected subset of A CT , J = J(I), and wo E W. We consider the group 
L = {g E G : giwQVo) 1 = (u>o^o) 7 } with the Lie algebra [ = {X E : X(woVq) 1 = 
0}. Note that aj normalizes t, because aj E aj, and by Lemma [4.281 (wqVq) 1 is an 
eigenvector for each element of a/. Moreover by Lemma [4.281 we have nj E [. Therefore 

(4.37) l = n/ + [n3 (aj) + ln ^ g_^. 

/3es+\Sj 
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By (j4T25j) and Proposition Oil 

(4.38) I n 3 g (aj) = (cj n ker AJ © (aj n ker A J © m£ © m/> © ((m* © mj) n I). 
Proposition 4.39. We have 

(ml m/) n [ = (trie © n (Adw )f) = (m* n (Adtoo)fj) © (m/ n (Adio )fj). 
In particular, the orthogonal projection of I on a 1 is trivial. 

Proof. By Proposition 14,261 applied to / in place of J and u>o in place of w, t)i tWo '■= 
(m T c + m/) n Adwo(f)) is a symmetric subalgebra of m£ + m/. By Lemma I4.28( iii). 
^)i,w (woVo) 1 = 0. Let M/ denote the analytic subgroup of G associated to m^. Due 
to Proposition 14.341 we can apply Corollary 14.71 to Mj, Mi in place of G, and W 1 in 
place of E, to obtain the first equality. The second equality holds because and m/ 
are invariant under a. The last conclusion follows from Proposition 14.261 because is 
orthogonal to AdwoQ)). □ 

Proposition 4.40. [ C pj. 

Proof. Suppose that I <£ pj. Then by (14371) there exists (3 G £+ \ £/, G S+ with 
/?| = /3, and 7^ X G I such that 

A = + y where ^ X_~ p G fl^b) and y G £^ E \ {0}:7 | 0j =o M+T 

Replacing X by a scalar multiple from the beginning, without loss of generality we may 
assume that B(X_s,X_s) = 1 (see ()3.3|) ) . Since — #(Xs) G 0s(b) C Qp C I, we have 
[-0(X_~), X] = bp + Z G t, where 

6 r [-^),A^]eb and Z = [— 0(X_g), Y] G £ 07 (b) n 3fl (oj). 

7 e£\{o} 

Therefore bp + Z G [ n pj and its projection on b equals bz. By (|4.37p . (|4.38p and 
Proposition 14.391 

b^ G bo + (a/ n ker AJ. 
If as is the projection of bs on a, then 

ap G 0/ Pi ker A t . 
Since bo -L a, by Remark 13.51 for all a £ a, 

(a, ag\ = (a, b§\ = (3(a) = [3(a). 

Therefore, (3 J_ (/U {A t }). Using that scalar products of simple roots are nonpositive, 
we deduce that (3 G (/') C J, which is a contradiction. □ 

From (|4.37p , (j4.38p , Proposition 14.391 and Proposition 14.401 we deduce the following: 

Corollary 4.41. We have 

I = (cj nker AJ © (aj n ker AJ © m^ © rtip © (m^ n Adw (f))) © (m/ n Adio (Fj)) © xij. 
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In particular, 

Unipotent Radical(L) = Nj and L C Pj. 

□ 

Proof of Theorem \4-10 . Consider a divergent sequence 

v n = k n exp(a n )w n v £ V. 

where k n £ K , a n £ o + , w n £ W. After passing to a subsequence if necessary, we can 
assume that k n ^ k £ K , w n = w £ W , and that there exists J C A CT such that a(a n ) 
is bounded for a £ J and a(a n ) — ► oo for a S A CT \ J. Then the limit points of the 
sequence v n are in Vj° w . This proves that 



V°° = |J V 

JCA a ,w£W 



oo 
J, to ■ 



Moreover, by Proposition 14.131 it suffices to take the union over A t -connected subsets 
only. Then (|4.11j) follows from Proposition 14.351 

By Corollary 14.411 the unipotent radical of the stabilizer of gi(wiVo) Ii is giN^g^ 1 . 
Therefore if the G-orbits of (wiVoY* are same, then g\Nj 1 g^ 1 = g2Nj 2 g% ■ Since 
Pjj = N G (N Jt ), we have gxPj x g\~ l = g-iPj^ 1 ■ Hence J L = J 2 and h = h- Thus 
(l¥T2T) follows. □ 

Note that Theorem 11.221 follows from Theorem 14.101 Proposition 14.131 and Proposi- 
tion sn 

Recall that for O C S(W), we have defined 

Q n = {I c A CT : I is A t -connected and fl D Vf° ^ 0}. 

We denote by 0^ m the set of minimal elements in with respect to inclusion. 

Corollary 4.42 (Tube lemma). For any compact set f2 C S(W), there exists a collec- 
tion {Uj C a J,+ : J £ 0™ n } of compact sets such that 

Slr\Vf°C [J Tr{Kexp(Uj + a^){Wv Y) for every I C A a . 

Proof. Suppose that the corollary fails. Then for any choice of compact sets Uj, there 
exists v = Tr(kexp(a)(wvoY) £ £1 with k £ K , w £ W, and a £ a + , a ^ Uj + Oj for 
every J £ 0™ n . Therefore, there exists v n = Tr(k n ex.p(a n )(w n vo) 1 ) £ $7 with k n £ K, 
a n £ a + , w n £ W such that for every J £ 0^ m , ct(a n ) — > oo for at least one a in 
J. Passing to a subsequence, we may assume that for some I C A CT , ct(a n ) — > oo if 
a £ A CT \ / and ct(a n ) is bounded if a £ I. Then by Proposition 14.13] the limit points 
of the sequence {v n } are in Vj^ w , wo £ W, where Iq is the largest A t -connected subset 
of /. Then fl n V% ^ and / £ 6 n . On the other hand, I„ ^ J for every J £ 9$ in . 
This gives a contradiction and proves the corollary. □ 
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5. Invariant measures at infinity 
In the previous section, we have shown that 

V°° = [_\ Vf° 

At-connected / C A CT 

where 

R+ . vf° = [j G(wv o y. 

In this section we describe an algebraic condition on I so that Vf° admits a G-invariant 
measure, and give a formula for the measure. We also provide a natural class of I for 
which the condition holds. The results of this section are obtained mainly for the the 
sake of more complete description of the boundary. They are not essential for the 
proofs of the main results stated in the introduction. 

Theorem 5.1. Let I be a \ L -connected subset of A a . Then for any wq G W, there 
exists a G-invariant measure on GIwqVq) 1 if and only if 

(5.2) oj n ker p = aj n ker A M 

where J = J{I) is as in Definition ^. 33 . 

If \5. I| ) hold, then the G-invariant measure on G(woVo) 1 , say uj >Wo , is given by (up 
to a constant multiple) 



(5.3) J fdvi )Wo 



w 

= J dk J da J ^2f(kexp(a + b)w(w vo) I )5 I (a)e 2p{b) db 

K aea*.+ feeaj/a.jnkerA t weWl 

for all f G C c {G{wqVqY), where dk, da and db denote the Haar integrals on K, a 1 , and 
o j/a j n ker p, respectively, and 

(5.4) Si(a) := (sinha(a))'" (cosh a(a))^ , Va G a 1 . 

Proof. Let w$ G W. Since G admits no nontrivial positive real characters, there exists 
a G-invariant measure on G- (woVq) 1 if and only if L := StabG((wo'Wo) / ) is unimodular. 
By Corollary 14.411 Nj is the unipotent radical of L. Therefore L is unimodular if and 
only if |det(Adg| nj )| = 1 for all g G L, if and only if tr(ad(x)| nj ) = for all x G I. 

Note that cj C t, and m J c © © m j is semisimple. Also each of them normalizes 
nj. Therefore 

tr((adx)| n/ ) = for all x G cj + + mj^ + mj. 
Therefore by Corollary 14.411 L is unimodular if and only if 

(5.5) 2p(b)= Yl tr(ad(6)| flQ ) = 0, V6GajnkerA t . 

«SE+\(J> 
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This equation is equivalent to ker A t n aj C ker p n oj. If aj ^ {0}, then oj <£_ ker p, 
and hence ker p n aj is of codimension 1 in oj. Also ker A t Pi oj is of codimension at 
most one in a j . Therefore (|5.5j) is equivalent to (15.2f) . This proves the first part of the 
theorem. 

Now to obtain the formula for the Haar integral on G, we suppose that (|5.2[) holds. 
In view of (|4.18p and (|4.25p , let Mj be the closed subgroup of Pj associated to the Lie 
subalgebra cj + + + mj such that Pj = MjAjNj, where Zg(Aj) = MjAj is 
a direct product. A right Haar integral on Pj can be given by 

(5.6) /■->• / dm [ db [ f(mexp(b)n)e 2p(b) dn, V/eC c (Pj), 

where dm and (in denote Haar integrals on Mj and Nj, respectively, and db denotes 
the Lebesgue integral on aj. 
Note that 

(5.7) Mj = (K n Pj)M°j = (K n Pj)M(Mj, 

where is the analytic subgroup of G associated to the subalgebra m J x . By Corol- 
lary 14.411 ' 

(5.8) (M(Mj)/(MlMj) n L M//M/ n w Q Hw Q l . 

By (|4.27p and (|3.7p a left invariant integral on Mj/Mj n wqHwq 1 is given by 

(5.9) f ^ j dk j f(kaw{Mi nwoHw^S^a) da, 

where / S C c (Mj/Mi n wqHwq 1 ), and dk denotes a Haar integral on K n M/. 
Combining (j5T6"]) . (jSTfll . (loTBI) . and {O]) we obtain that for all / € C c {Pj), 

(5.10) 

f J dk J da J db ^ /(A; exp(b) exp(a)wl)5i(a) exp(2p(6)) dZ, 

*TnP aea J >+ Seaj/ajnkerA, ™ eVVr i 

defines a right Haar integral, say dp, on Pj, were d&: and dl denote Haar integrals on 
K n Pj and L, respectively. 

Note that a Haar integral on G is given by 

(5.11) f^fdkf f(kp)d P , feC c (G), 

Jk Jpj 

where dk denotes a Haar integral on K. Combining (|5.10p and (|5.1ip . and the fact 
that L is the stabilizer of (vowo) 1 i n G, we obtain that the formula (|5.3p indeed gives 
a G-invariant measure on G(wqVo) 1 . □ 

It turns out that the sets I b {I) satisfy the condition of the above theorem; see (|1.16p 
for the definition. To show this we need the following: 

Proposition 5.12. If I C A a is X L -connected, then I L (I) is X L -connected. In fact, any 
J C A CT containing I L {I) is A t - connected. 
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Proof. Let Iq D / be the largest A t -connected subset of J, and let S = J \ Io. Then 
S C (Iq U {A,,})- 1 . Therefore s C aj n ker A t . Note that aj = aj © aA CT \s- Now given 
a G a 5 '" 1 ", we write a = x + y with x G cia^s and y G aj. Then for any a £ S C J we 
have ce(a) > by (|4.9p . and a(y) = 0, and hence a(x) > 0. And for any (3 G A„ \ 5, 
we have 0{x) = 0. Therefore x G a + ; in other words, 

C (a Aff y? n a+) + a.j. 
Therefore, since I C Iq C A ct \ S 1 and 7 t (7) C J, we get 

(5.13) a s '+ C (a/na + ) + a /t(/) . 

By the definition of I L (I) as in (11,161) . exists C = a L {I) > such that 

(5.14) p(x) < CX,(x), VxGo/na + , and 

(5.15) p(y) = CX L (y), VyGa /t(/) . 

Combining (|5.13p . (|5.14p . (|5.15p . and since a s C ker A t , we conclude that 

(5.16) p(a) < CX t (a) = VaGa S ' + . 

Since S _L Io, we have £j = U Eg (cf. Definition I4.33|) . Therefore given a G 
a 5,4 " C dj , we have 

(5.17) 2p(o) =tr(ad(a)| nj )+ ^ tr(ad(a)| J. 

Recall that a C ms C mj, mj is semisimple, and [mj,nj] C nj. Therefore 

tr(ad(a)| nj ) = 0. 

Note that 

(5.18) tr(ad(a)| 0Q ) = (dim0 a )a(a) > 0, Va G S+. 

Now by (|5.17p . we get p(a) > 0. Therefore (|5.16p . we get p{a) = 0. Hence by (|5.18p . 

(5.19) (dim fl«)a(a) =0, Va G S, Va G o S ' + . 

Now if S 7^ 0, then for any a G 5: we have dim cj Q > 1; and since a s _L 05, we have 
a (a) 7^ for any / a £ a 5 . This contradicts (|5.19p . Hence 5 = 0; that is, J is 
A t -connected. □ 

Corollary 5.20. Let I C A„ be X L - connected. Then for any wo G W, i/ie or- 
bit G(wqVo) i '-W admits a G -invariant measure, say vi t (i) jWo , such that for any f G 

C c (G(w voy^), 

(5.21) / / dujrjs^ = / dk / V f(kexjp(a)w(w v ) Il< ' I) )Ci,(i)(a)da, 
Jw J J JtrT 

K a G c+ weW h(D 

where 

(5.22) £r 4 (J)(a) : = <5/ t (/)( a )exp(tr(ada| nji{J) )), 

(5.23) e + = {a G a/a /t(/) n ker A t : a(a) > 0, Va G / t (/)}, 



INTEGRAL POINTS ON SYMMETRIC VARIETIES 33 

and da denotes the Lebesgue integral on e + . 

Proof. By Proposition [5J2] J (1,(1)) = By (|fTl5j) for any y E a /i(7) , p(y) = 

if and only if X L (y) = 0. Therefore by Theorem 15 .1\ G{wqVqY admits a G-invariant 
measure. 

Put £ = tt/m nker X t . Then the map a Tl ^ © Oj t m/(£ — ► a/<£, given by 
(o,6+ C) ■-> (a + 6) + <£, Va£ a /t(/) , V6 G a /t(/) , 

is an isomorphism. Note that <5/ t (/)(£>) = 1 and tr(ad o|n It m) = 0- Therefore is 
well defined on a/<E. Moreover (a + 6) + G; € e + if and only if a G flM-0>+, Therefore 
(15^1) follows from (jEBJ. □ 

6. Volume asymptotics 

In this section we derive some formulas for the volume asymptotics (see also [GW 
and [M] for a similar computation). 

6.1. Basic asymptotic formula. Consider a space a ~ M r and a map 

k 

4>:a^W: a J^e^W 

i=l 

where W is a finite-dimensional vector space, w\, . . . ,Wk £ W are linearly independent 
vectors, and Ai, . . . , A& are (additive) characters. 
Fix a basis A of the dual space a* and set 

a + = {a E a : a(a) > for a E A}. 

We assume that 

(1) Ai = Y^aeA m a a with m a > 0. 

(2) Ai < Ai for all i, that is, Ai — Aj G J2 a eA m i,a a - with m^ a > 0. 

Let 

supp(Aj) = {a E A : m,^ a > 0}. 

For 

X = > ] v a (x)a E a* 



we set 



«x :=max {^ : « eA }' J x-{«eA: ^<a x }, 6 X :=#(A-J X ). 

Define ker I x := C\ a ei x ker a. Then 

x(a) = a x ■ Ai(a), Va G kerl x , 
Aj(a) = Ai(a), Vi : suppAj C I x , Va G kerl x , 
do := ker x H ker I x = ker Aj Pi ker I x , V z : supp Aj C I x . 
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Therefore we can define 

d + := {a G a/do ■ "(a) > 0, Va£ I x }, 
tj}{a):= ^2 e Xl{a) Wi, VaGa/t> , and 



i:supp A;C/ 



x 



L x (f):= [ fma))e x{a) da, V/ G C C (W), 



where da denotes the Lebesgue measure on a/Z>o- 

The main result of this subsection is the following theorem 

Theorem 6.1. For x € o* and f G C C (W), 

lim - - * - [ fU{a)/T)e xi - a) da = k x ■ LM) < oo, 
T^oo T a x(logT) 6 x-i J a+ J vrv " ' x xKJ ' 

where 

k x = Vol(a+ n ker(7 x ) n {Ai = 1}). 
We start the proof with a lemma: 
Lemma 6.2. (a) For T > 0, let := {a G a+ : e Al ( a ) < T}. T/ten 

/ e*^ da <T a * (log T) 6 *- 1 . 
J a£ 

(b) For Aj such that supp Aj ^ I x and T,5 > 0, set 

a£(i,6) = {a G a+ : e A ^ > oT}. 
T/ien /or some constant C$ > 1 depending on 5, 

e x{a) da < C s T a *(logTp- 2 . 



I 

J a£(i,<5) 

Proof. To prove (a), we use induction on \I X \. If I x = 0, then % = a x ■ Ai and 
/" e *( a ) da = / Vol(a+ n {Ai = s})e a * s ds 

./aea+:Ai(a)<T JO 

= [ {cs r - l )e a * s ds = 0{T r ~ l e a * T ). 
Jo 

Let a G J x and b + = a + n ker(a). Then by the inductive assumption, 

f e x ^ da = [ T/ma e 9 »W* ( / e* (b) do j ds 

iaea+:Ai(a)<r Vo \Aeb+:Ai (6) <T-m a s J 

pT/rn a 

< / e^ Ws (r - maS )^- 1 ^( T - m « s ) ds < e a * T r 6 *-\ 
■/ o 

where C > 1 is a constant. This proves (a). 
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To prove (b), we write A, = \± - S aesupp (A i ) m i, a a with m i>a > 0. For a G dj,(i, 5), 
we have 

m ita a(a) < - log 6. 

oSsupp \i 

Setting c = ker(suppAj) and c J = o +, n c, we get 

e x(a) da < C 5 ( e x(c) dc, 



aj(i,<5) 

for some constant C5 > 1 depending on 5. Since suppAj ^ I x , & x | c < b x — 1, and (b) 
follows from (a). □ 

Proof of Theorem \6.1\ There exists c = c(/) > such that if f{(j){a)/T) / or 
f(ip(a)/T) / 0, then a G a+ T . 
For 5 > 0, set 

0+0*)= |J a+(i,<J). 

i:supp(Ai)^/ x 

where (i, 5) is defined as in Lemma f6.2l By uniform continuity, for every e > 0, there 
exists 5 > such that for a G 0^ — a£ T (6), 

\f(<Ka)/T)-fMa)/T)\<e. 

Hence, by Lemma I6.2I 

/(0(a)/T)e x(a) da - [ /(^(a)/T)e* (a) da 



< / e-e*Wda+ / (2 H/HJ • da 

Ja+ T -a+ T (5) Ja+ T (5) 

= 0/(e • T^(logT)^- 1 ) + 0/ 5 5 (T ax (log T) bx ~ 2 ). 

This shows that 

f{(j){a)/T)e x{ - a) da= [ /(V(a)/T)e x(a) da + o(T a * (log T) 6 *" 1 ). 



Let 

s + = o + n ker(J x ) and t+ = a + n ker(A - I x ). 

There exists c = c(/) > such that if f(ip(t)e u ) ^ for some t G t + and u G M, then 
e A i(*) < ce~ u and e" < c. Using that for some e > 0, 



t+ Jo 
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we deduce that 

/oo 
f{^{t)e u )e x{t)+a ^ u \u\ l dudt 
-oo 

log c 

(6.3) < j du j e (ax-£)Mt)+a x u\ u \l dt 

u=-oo {tet+:Ai(t)<logc-u} 

/logo 
e eu (logc - u) r ~ bx \u\ l du < oo 
-oo 

for every I G N U {0}. In particular, putting / = we get 

p r poo 

L x (f) = / f(^(a))e x ^da = / f(ip(t)e u )e x ^ +a * u dtdu < oo. 

Therefore applying (|6.3p . we conclude that as T —* oo, 

/(V>(a)/T)exMda= / / f(^(t)e Xl( - s *> /T)e x ^ +a * Xl ^ dsdt 

X) 

f{ij{t)e u /T)e x{t)+a * u ■ Vol(s+ n {Ai = u}) dudt 
f(ifj(t)e u )e x(t)+a x u T a * ■ k x (u + logT)^" 1 duett 

t+ J - log T 

= « x • L x (f) ■ T^ilogTp- 1 + o(T a - ■ (logTp- 1 ). 
This completes the proof. □ 

6.2. Volume of symmetric space. Let G be a connected noncompact semisimple 
Lie group with finite center, H its symmetric subgroup, and i : G — ► GL(VF) be an 
almost faithful irreducible over M representation. We assume that H = Stab^^o) for 
some vq G W. We use notation from Section [3l In particular, fi denotes an invariant 
measure on G/H and 

A t = ^2 m aOL G a*, m a G Q + , 

is the highest weight of i. Let a M 6 t , J t be defined as in (jl.lOp . 
Theorem 6.4. For every f G C C (W), 

(6.5) lim — t / f(gv /T)dfi(g) = j f du, 

where v L is a locally finite G '-invariant measure on W concentrated on M + ■ Vj° . 

Moreover when considered as a measure on M + • Vf° , u L is a linear combination of 
measures vi^ w , w G W Il , given in S5.21]) . 

Proof. For v G W, set 



Li 
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By iZD, 

(6-6) / f(gv /T)dfi(g)= / V) / f(kexp(a)wv /T)£(a)dadk 
Jg/h Jk~^,,Jo+ 



I E / /(*• E e A W( OTo ) A /mw«, 



where 

(6.7) £(a) = \\ (siiih a(a))# (cosh a(a))'« = ^ t x e x(a) 

for some t x ^ and Hco*. Let a t , 6 t , and 1 L be as denned in (|1.1U|) . Let 

E' = {x G E : a x = o t , 6 X = 6J and E" = E - S'. 
Note that for % £ E", we have a x < a L = a,2 P and if a x = a L , then b x < b L = b2 P and 
I x => h = hp- 

Since by Lemma \3~2\ X L G ^ t (wvo), the assumptions of Section [67TI are satisfied and 
applying Theorem 16.11 together with the dominated convergence theorem, we deduce 
that (|6,5p holds with the measure v L given by the formula 

(6.8) / fdv L = K2p\ / f (kex.p(a)(wv ) h ) £, h (a)dadk 
where 

d + = {a G a/(ker(J t ) n ker(p)) : a(a) > 0, a G /J, 

(6.9) = £ ta- 

xes' 

Note that by Theorem 16.11 the limit in (|6.5p is finite (i.e., ^ t is locally finite). Also, it 
is clear from (|6.5p that v L is G- invariant and homogeneous of degree a L . It follows from 
Proposition 14.351 that 

G(wv ) h = K exv(V + )Wi b {wv ) h = R + ■ #exp(a J " + )>Vi ( {wv ) L . 

Note that 

V%> = U„, eW ir(G(wv ) h ) = U weWh ir(G(wv ) h ). 
Since for x G H, we have 

X G E' if and only if x G 2p + (J 4 ), 

it follows that the formula for (|6.9p for £/ t is same as the formula (|5.22p of Corollarv l5.20l 
for I L = J t (0). Note that each G-orbit G{wvq) Il is a closed subset of M + • Vf° and hence 
/ G C C (IR + • V£°) implies the restriction of / to G(wvo) Il belongs to C c {G(wvq) l ). 
Hence (f!T8|) is in agreement with (pT2T|) for / G C C (R + ■ V£°). 

This shows that f t , considered as a measure on M + • V^ 00 , is a linear combination 
of the measures vi l W , w G W given in (|5.2ip . It follows that v L is concentrated on 
R+ • V r °°. 

□ 
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We can easily deduce the following volume asymptotic of balls from the above the- 
orem: 

Corollary 6.10. For any norm \\ ■ \\ on W , 

Vol({veV: \\v\\ < T}) ~ c • T aL (logT) bl as T -> oo, 
where Vol denotes a G-invariant measure on V and c > 0. 

Remark 6.11. Theorem 16.41 holds for a representation l which is not irreducible. Let 

V = {a G o + : A(a) < 1,A G 
a L = max{2p(a) : a G V}, 
b L = dimPn{2p = aj. 

Then for every / G C C (W), 

^ lim n 1^ =i / f(gv Q /T)dfj,(g) = [ f du t , 

T^oo T a '(logT) b < 1 7 G/H 

where z/ t is a G-invariant measure concentrated on a union of finitely many G-orbits. 
To adapt the proof to this case, we decompose the polyhedron V into a finite union 
of symplicial polyhedra V%. the asymptotics for the integral over K exp(Vi)WH can 
be computed from Theorem 16. 11 Using the argument from Section [7J we also get the 
asymptotics for integral points. 

For / G C C (W \ {0}) with 7r(supp/) n V°° / 0, we define a L (f), b L (f), t (/) as in 
(I1.17P with $7 = 7r(supp/). Similarly, we define 0/ and 0™ in . 

Theorem 6.12. For every f G C C (W \ {0}) with vr(supp/) n V°° ^ 0, 

(fU3) T^oo r^WaogT)^/)-! l G/H f(9Vo/T)d^ 9 ) = jj ^(/), 

where ^ejf) is a G-invariant measure on W which is concentrated on and locally finite 
on 

u /eei , ( /) K+ • vr- 

In particular, i/@r^(supp/) < oo. 



Proof. Define W = R + ■ w(V) and S(W) := S(W) DW = ir(W), where S(W) and 
vr : W -» 5(W) are defined as in ([T3]) . Since / G C C (W \ {0}), /|^ G G C (T^). Hence 
it suffices to prove the theorem for / G C C (W). For / C A ff , we set 

oj= \j vr. 

A t -connected Jz>J 

It follows from Proposition 14. 141 that Oj is open in S(W). We take a partition of unity 
<pi G C(S'(W)), I G 6^ in , associated to the cover 

7T(sUpp/)C U 0/. 
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It suffices to prove the theorem for the functions fi(v) = f(v)(fii(ir(v)), I G 6™ m . 
Hence, we may assume that 0™ in = {/} for some A t -connected / C A CT . Then 

(a t (/)A(/)) = KWAGO) and 9 t (/) = {/,(/)}. 

By Corollary 14.421 there exists a compact set U C a^ ,+ such that 

7r(supp/)ny°° C \J Tr(Kexp(U + af)(Wv ) L ), 
iee f 

7r(supp/) Dtt(V) C ir(Kexp(U + aj)Wv ). 
Hence, as in (j6.6|) . we have 

/ f(gv /T) d^g) 
Jg/h 

= I I I f\ k ' ^ e x{a) e x{u \wv ) x /T\i{a + u)dadudk. 

jK weW JuJa t \ A6*,(««o) / 

We apply Theorem 16.11 to the integral over af in place of a. For \ = SaeA^ v a&, we 
set 

a x := max < — — : a G A CT \ / > , 
[m a J 

I x :={ae A a \I:^-<a x }, 
b x :=#((A CT \/)\I X ). 

We write 

C(a) = £ 

for some t x 7^ and Hco*. Let 

E' = {x G E : a x = a 2p , & x = b 2p ] and S" = E - S'. 

Note that for x G E", we have a x < a 2p = a L {I) and if a x = a 2p , then 6 X < 6 2p = M-0 
and I x D I 2p where I 2p U / = hi!)- By Theorem 16.11 and the dominated convergence 
theorem, 

^ r^(iogT)^^ Sg/h figVo/T) Mg) 



=k / / / / (/cexp(u + a)(«Wo) ) (i)( u + a ) dadudk 

(6.14) =« / V / /(fcexp(a)(^ ) /t(/) )^(/)(a) 1 
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where 

K = Vol(a+ n ker(/ 2p ) n {A t = 1}), 
+ ={a£ aj/(ker(J 2p ) n ker(p)) : a (a) > 0, a G I 2p }, 
e+ = { a e a/(ker(J t (J)) n ker(p)) : a(a) > 0, a e J t (J)}, 

(6.15) ^(j)(a) = X;<x eX(o) - 

Therefore ()6.13p holds with the measure v® L (f) given by the formula 

/ f du <3>uf) =K / / (feexp(a)(u7t;o) 7l(/) ) £un(a)dadk 

It is clear that Vejf) is G-invariant and homogeneous of degree a L (f). Also, it follows 
from Proposition 14,351 that 

K exp(e + )W /i(/) (uw ) /t(/) = ^ + • ^exp(a /l(/) ' + )W /t{/) (uroo) /,(/) 
is a single G-orbit. It follows from Theorem 16 . 1 1 that ^e t (/) is locally finite on M + • Vj^jy 
Since x € E' if and only if x € 2p + ^Z t (.r)> the formula (|6.15|) for C/ t (j) is same as 
(j5T22j) in Corollary [5JEB Hence (|53T|) agrees with fljQgJ) . Since / on a set of 
full Lebesgue measure on t> + , the limit measure is strictly positive on nonempty open 
subsets of G(Wvo) Il ^ ■ This shows that ve L (f) is concentrated on R + • proving 
the theorem. □ 

Remark 6.16. For any / £ C C (W \ {0}) and a A t -connected I C A CT satisfying the 
conditions of Theorem 15.11 if 



(a t (/),6 i (/))<(a t (J),6 t (J))<(a,6), 
with respect to the lexicographic order on the pairs, then by Theorem 16.121 

lim — — — - —rr , / f(gvo/T)dg = 0= [ fdvj, 
T^T a (logT) b - 1 J G/H JVJ U/ ' y Jw 

where vj is a G-invariant measure on W concentrated on IR + • Vf°. 

7. Distribution of integral points 

Let G be a connected noncompact semisimple Lie group with finite center, H a 
symmetric subgroup G, and i : G —* GL(VF) an almost faithful irreducible over R 
representation of G such that for some vq G W, Stabc^Uo) = iJ. 

Let r be an irreducible lattice in G such that H n T is a lattice in if. We choose 
Haar measures cfg dh, d\i on G, if, G/H respectively such that 

[ fdg= f [ f(gh)dhd^g), feC c (G). 
JG J G/H JH 

It is convenient to normalize the measures so that 

Voi(G/r) = Vo\(h/(h n r)) = 1. 

The following result was proved in |EM] (see also |DRS| ): 
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Theorem 7.1. For every (p G C C (G/T), 

I cj)(vh) dh —y I 4>dg as v — > oo in G/H. 

Jh/(hc\T) Jg/f 

Remark 7.2. The condition that the lattice T is irreducible in G can be relaxed. In 
fact, it suffices to assume that G = G\ ■ ■ ■ G r for noncompact normal subgroups GVs 
such that r n Gi is an irreducible lattice in Gi and G = GiH for all i. If this is the 
case, then for v = g\ ■ ■ ■ g r H — > oo, we have gi —* oo for all i and Theorem 17.11 holds 
(see [Shi Corollary 1.2]). 



For T > and / G C C (W), define 
(7.3) F T (g)= V f(giv /T), geG/T. 



E 

7 Gr/(rnff) 



Proposition 7.4. Ze£ G C C (G/Y) such that j G ^ T (f)dg = 1 and f G C c (iy \ {0}) with 
7r(supp/)nF°° /0. TTien 



lim 



{Ft, 



T^oo T^(/)(logT) 6 '(/) J W 

where ^e t (/) as g«i>en by Theorem \6. 12[ Furthermore, 



lim / f(gv /T) dfi(g) = oo =>- (F T , <f>) ~ I f(gv /T)dfi(g) as T 
t ^°°Jg/h Jg/h 

Proof. We have 



oo. 



G/r 



E f(9JVo/T)</>(g) dg 



7 er/ifnr 



f(gvo/T)</)(g) dg 



f(gvo/T) 

g/h \JH/Hnr 



'G/Hnr 

(j)(gh)dh ) ^(5). 
/ 

By Theorem 17. 1| for every e > 0, there exists a compact set D C G/H such that 

4>{gh) dh — 1 < e 



H/(HftT) 



for gi G G/ff \ Z?. Then 



(7.5) 



(F T , 4)- f(gv /T)dfx(g) 

G/H 



< e 



[ f(gv /T) dfi(g) 
Jg/h\d 



OO \ II T" II OO 



+ 1). 



The second part of the proposition now follows immediately. And the first part of the 
proposition follows from Theorem 16.121 □ 
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Theorem 7.6. For every f G C C (W \ {0}) with vr(supp/) n V°° ^ 0, 

T^oo T^(/)(logT)M/)-i £ /(7Vo/T) = X, 7 d ^ U) ' 
v 6 ; 7 er/(rnH) JW 

where ^e,(/) is as in Theorem \6.12\ 

Proof. Without loss of generality, we may assume that / > 0. Given e > there exists 
a compact symmetric neighborhood O e of e in G such that 

\f(gv)-f(v)\<e VgGO £ ,VveW, 

We can assume that O e C Oj. Define /± G C C (W) by 

(7.7) f+(v):=max.f(g-v) and / £ ~(f ) = min f(g ■ v), \/v G W. 

g&O e g^O E 

For any T > 0, let Ft and be defined as in (17.3P corresponding to / and /J* 1 , 
respectively. Then 

F-{g)<F T {e)<F+(g), V S eO, 
Hence, if <p G C C (G/T), with > 0, supp0 C O e and J* G / r 0d<? = 1, then 

(7.8) <Ff,0>< 2 f(-VVo/T) = F T (e)<(F+,<l>). 

7er/(rnff) 

Since each M + • Vf° is G- invariant, we have 

(7.9) e t (/+) = e 4 (/) d e t (/-) 

(7.10) (a 4 (/+), &,(/+)) = M/)A(/)) > (a t (/-),6 t (/-)). 

In view of Remark 16.161 by Proposition 17.41 we get 

(F£, 6) f , 

(7-11) lim T ' ,., = / f±dvQ( f) . 

V ; T^ooT a '(/)(logT)M/)-i ° t(/) 

Combining (|7.8p and (|7.1ip we conclude that 

(7 - 12) / w ^ - l TJ£ T^(/)(logr)M/)-i 

(7 - 13) - l 7Z v t^^ufi * L f ^ du ^ ■ 



By 477}, 

By Theorem 16.121 and (|7.9p . ^+^(supp ) < oo. Since e > can be chosen arbi- 
trarily small, (f71"6|) follows from (f7T2|) and ([713]) . □ 

Note that for any / G C C (W \ {0}), we have (a L , b L ) > (a t (/), b L (f)). Therefore using 
Remark 16. 161 from Theorem 17.61 and Theorem 16.41 we can deduce the following. 
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Theorem 7.15. For every f € C C (W), 

v & ; 7 er/(rnJ3") w 
where v L is as in Theorem\6.J\ □ 



Proof of Theorem \ 1.1 21 Let T C G(Q) be an arithmetic subgroup that preserves the 
integral structure on W(Z). Since G and H admit no nontrivial Q-characters, by |BH| . 
r is an irreducible lattice in G, T n If is a lattice in , and V(Z) is a union of finitely 
many orbits of T: 

n 

V(Z) = \J Tg lVo . 

i=l 

For any T > 0, consider a locally finite measure tt on W defined by 
TT(/) = WlogW-i H /( " /T) ' ^^W" 



Then 



1 n 

i=\ -fer/irngiHgr 1 ) 

1 - 

= r^(iogr)^- 1 S E f(gav /T). 

Note that gTSi C G(Q) is an arithmetic subgroup of G, and (giTg~ 1 )nH is a lattice 
in i7. It follows from Theorem 17.151 that the limit 

t = lim tt 

exists in the weak* topology and r is the G- invariant measure concentrated on G(W ■ 
vq) Il which is given by 

~ Voi(G/r) ) v « 

where v L is as in Theorem 16.41 

Let (j) S C(S(W)), 4> > 0, and let tp be the characteristic function of [1/2, 1). Take 
c > 1, close to 1, and ip~,tp + £ C c ((l/4, 2)) such that 

0<^±<1, ^-<^<i> + , V~l[c/2,c-M = 1 . supp(^ + ) C [c-V2,c]. 
Then for f^,(v) := 0(7r(«))^(||u||), Vu G W, we have 

rr(U-) < rr(U) < r T (U+), 
r(U + )<T(f lp (c- 1 v))=c^r(U), 
r(U-)<r(U(c- 1 v))=c-^r(f ij ). 
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Taking c — ► 1, this implies that 

lira — — - — — -r — -r (biiriv)) = lim Tr(fib) = T~(f*b). 

y ' veV(Z):T/2<\\v\\<T 

Using that 

#(V(Z)nB T ) «T a '(logT) fe '- 1 , 

the proof can be completed by an easy geometric series argument. 

We also compute an explicit formula for the limit measure Let <fi G C(S(W)), x 
be the characteristic function of (0, 1), and define 

f x (v) = <l>(K(v)W(\\v\\), for all veW. 

It follows from (|6.8[) that for some c\, oi > 0, 

(7.17) 

/ <\>d\i L = c\ I y~] I / fx (kexp(a)e t (wv ) 1 '-) C/ t (a)e a '* dtdadk 
Js(W) JK ~~? Ai Ja!<->+ Ju 



IS(W) 

= c 2 



wew ' 



l}2 (f}{TT(kexp(a)(wvo) h )) T -\ TT^ dadk - 

jK w€W Jah ' + \\kexp(a)(wv )^\\ 



□ 



Proof of Theorem Theorem 11.111 follows from Theorem 11.121 approximating the 
characteristic function of the cone by continuous functions. □ 

Proofs of Theorems \1.18\ and [7773 Proofs are based on Theorem [6712] and Theorem l7.6l 
and are similar to the proofs of Theorem 11.111 and Theorem 11.121 We skip details. It 
follows from Theorem 16.121 that the measure Hq l (^>) is given by the formula 



(7.18) / Qdn&M) 
JS(W) 

= c E E / 0(^(/cexp(a)(^o) 7 ))- J ° w dadk 

Iee„(<p) jK weW Ja ' + \\kexp{a){wv y \\ 

where G C(S(W)) and c> 0. □ 

7. 1 . Proof of Corollary \1. 7\ Take any e > and Consider the cone 

C = {w £ W \ {0} : \\tt(w) - vq\\ < e}. 

Since U°° has only finitely many orbits of G the cone is generic for sufficiently small 
e > 0. 

Suppose dC, the boundary of C, has strictly positive measure with respect to the 
smooth measure class on a G-orbit, say Oi, contained in V°°. Since 0\ and dC are real 
analytic varieties, we conclude that 0\ C dC. Since V°° has only finitely many distinct 
G-orbits, and dC are disjoint for distinct e > 0, we conclude that C is admissible for 
sufficiently small e > 0. Now the corollary follows from Theorem 11.61 □ 
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8. Comparison with Chambert-Loir-Tschinkel conjecture 

Recently, Chambert-Loir and Tschinkel proposed a general conjecture about asymp- 
totics of the number of integral points on algebraic varieties. A weaker version of this 
conjecture appeared in [HT] . To facilitate a comparison, we state some of our results 
using the language of arithmetic algebraic geometry. 

Let G be a connected Q-simple adjoint algebraic group, which is isotropic over 
R, and X the wonderful compactification of G. The wonderful compactification was 
constructed over C in [CP] and over arbitrary field of odd characteristic in [CSj . It is 
a smooth projective variety defined over Q such that G is contained densely in X, and 
D := X \ G is a divisor with normal crossings and smooth irreducible components. 
Given a field k D Q, we set X^ = X Xq k. Let Pic(Xc) be the absolute Picard group, 
A e ff (Xc) C Pic(Xc) <8> R the effective cone, and Kx the canonical class. We denote 
by Ac the system of simple roots of G. It was shown in [CP| (cf. \BK\ Sec. 6.1]) that 
there is an isomorphism A i— > [L\] between the weight lattice of G and the Picard group 
Pic(Xc) such that the irreducible components of the boundary divisor D correspond to 
L a , a G Ac. Note that these irreducible components generate a finite index subgroup 
in Pic(Xc) (the root lattice). Given v G X(C) and [L] = ^ agA( , q a [L a ] G Pic(Xc), we 
set 



I(v) = {a G A c : v G suppL Q } and [L] v = 2j Qa[L c 



We define a metric on the real projective space: 

\\x A y\\ 



d{[x] ' [y]) \\.r\\. m 
where ||-|| is the standard Euclidean norm. 

Theorem 8.1. Let Q be a group scheme over Spec(Z) with generic fiber G. Then there 
exists k G N such that for every ample metrized line bundle C = (L,Hc) on X defined 
over Q, every v G (X \ G)(R) ; and every sufficiently small e = e(v) > 0, 



where 



#{z G 0(iz) : d(z,v) < e,H c (z) < T} ~ T -*oo c • T a (logT) b - 1 , 



c = c(v, C, e) > 0, 

a = a(v,L) = inf{r : r[L] v + [AT X + D] v G A ofr (X c ) t ,}, 

the co-dimension of the face o/A e g(Xc) v 
containing a[L] v + [Kx. + D]i 



b = b(v,L) 



V 



Remark 8.2. Theorem 18.11 holds with k = 1 if we take v G Q(X)G(M)°. In particular, 
we can take k = 1 when G(R) = ^(Z)G(R)°. This equality holds assuming that G is 
Q-split and Q is the canonical Z- model of G (see Ca(). Remark in Sec. 2]). 

Remark 8.3. Our results also apply to non-smooth compactifications of G (for ex- 
ample, one can take the closure of the image of G under the irreducible representation 
with the highest weight ^2 a n a oj a with some n a = 0). We expect that an analogue 
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of Theorem 18.11 holds with parameters (a, b) computed with respect to the minimal 
resolution of singularities of the pair (X, D). A basic example of this type was worked 
out in [HT] . 

Proof of Theorem \8.1\ We refer to |BKl Sec. 6.1] for standard facts about the wonderful 
compactification. Recall that the effective cone A e ff(Xc) is generated by [L a ] for a G 
Ac, the ample cone is generated by [L Wa \ for a G Ac (w Q 's are the fundamental 
weights), and 

Kx ~ -L2 Pc - L a , 

where 2pc is the sum of positive roots of Ac- The support of L a is isomorphic to 
the fibration over G/P a x G/P a , where P„ is the maximal parabolic subgroup corre- 
sponding to a, with fibers equal to the wonderful compactification of the adjoint form 
of the Levi subgroup of P a . This implies that the Galois action on Pic(Xc) correspond 
to the twisted Galois action (^-action) on Ac- 

We denote by A the system of restricted roots (with respect to a Cartan involu- 
tion) chosen so that r(Ac) = A U {0} where r is the restriction map. We have the 
decomposition into disjoint G-orbits: 

x= Jo,, 

IcA c 

where Oa c = G and O/ C supply iff a ^ I. The structure of the set X(R) was 
described in \BJ\ Ch. 7]. In particular, we have 

X(K) = |J O r -i (/) (R). 

ICA 

The set X(K) is a union of of finitely many Satake compactifications V of G(M)° so 
that Vf° C 0,.-im(H) for every / C A. It follows from the weak approximation for 
G that each connected component of G(M) contains a rational point. We take k £ N 
so that each connected component of G(R) contains a point from Q(-rZ). By Borel- 
Harish-Chandra theorem, G{\%) is a union of finitely many C?(Z)-orbits, and it suffices 
to compute the asymptotic for each of these orbits. For simplicity, we consider the 
orbit of the identity. 
For a £ A, we set 

L a := L r -i( a ). 

l3eA c 

Let J = r(I(v)) C A. Then v 6 V£?j. If L ~ L\ for a dominant weight A, we get 

1(a) 

where m a 's and u a 's are given as in <\1.9\) . 
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Passing to a tensor power, we may assume that L ~ L\ is very ample and linearized, 
and A is in the root lattice. Let t be the Q-representation of G on H°(X., L). Then 

H c (z) = H(t(z)), z G g(Z), 

where H is the standard height function with respect to a lattice A C i?°(X, L). Passing 
to a finite index subgroup, if necessary, we may assume that t((?(Z)) C Stab(A). Then 

H c (z) = \\l(z)\\ , zeQ(Z), 

where ||-|| is a norm on H°(X., L)<g)R. Since the representation i has the unique highest 
weight A, the results of Section [1] apply (see Corollary 11.71 and Example 12. 4p . □ 
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